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I t  is not your obligation to complete the work o f perfecting 
the world, but you are not free to desist from i t  either.
- RABB! TARFON, Ethics o f the Fathers
^ But a ll things very clear are as d ifficu lt as rare.
- BARUCH SPINOZA, ETHIC
God is inexorable in offering His g ifts . He only gave me the 
stubbornness o f a mule. No! -  He also gave me a keen sense 
of smell.
-  ALBERT EINSTEIN
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PREFACE
This is a d i s se r ta t io n  about the  leading fusion plasma 
conf inem ent  conf igura t ion ,  the  tokamak. The problem w e  
examine here is a fundamental one: How can one e f f ic ien t ly  
mainta in  the tokamak toro idal  curren t  in the s t e a d y - s t a t e ?  
As wil l  be seen la ter ,  t h i s  question is  of g rea t  p rac t ica l  
importance if one cons iders  using th e  tokamak as a fusion 
reac to r .  The theo re t ica l  too ls  used to  analyze our problem 
a re  fa ir ly  soph is t ica ted  ones .  That is ,  we employ a new 
theore t ica l  approach based on a magnetic helicity conserving 
m ean - f ie ld  Ohm’s law. Unfor tunately ,  he l ic i ty  is  a very 
a b s t r a c t  topological concept.  Nevertheless,  an a t tem p t  has 
been made throughout t h e  work to  m o t iv a te  th e o re t i c a l  
arguments by physical r a th e r  than ab s t ra c t  considerations.
The main accomplishment of th is  work is  tha t ,  for the  
f i r s t  t ime, a s e l f - c o n s i s te n t  m ean-f ie ld  hel ic i ty  t ranspo r t  
model for the tokamak has been successfully implemented on 
th e  com pu te r .  Two kinds of num erica l  s im u la t io n s  a r e  
accomplished: (1) s imulat ions of inductively driven tokamaks 
and (2) s imulations of completely bootstrapped tokamaks. The 
inductively driven tokamak s im ula t ions  are compared w ith  
experimental r e su l t s  from the  present generation of tokamak 
devices .  The completely boots trapped tokamak s im ula t ions  
are  of great  in te re s t ,  s ince  they suggest  th a t  an in t r in s ic  
tokamak s t e a d y - s t a t e  can  be obtained from th e  boo ts t rap  
current  amplification e f fec t  alone.
The organization of the  d is se r ta t io n  is as follows. Firs t ,  
the  Introduction has been w r i t te n  so th a t  it  is access ib le  to  
all readers  and places our research w ith in  the context  of the  
m agnet ic  fusion program. Chapters II, III, and IV con ta in  
m a te r i a l s  of a pre l im inary  or background n a tu re  which 
describe the plasma Ohm's law, magnetohydrodynamics (MHD), 
represen ta t ions  of magnetic fields, tear ing  modes, and some 
tokamak physics.  Reading th e s e  preliminary chap te rs  will  be
vi
par t icu la r ly  w orthw hi le  for  those  u n in i t ia ted  in plasma 
theory or those who want an in-depth view of our work. The 
reader  who already p o sse sse s  some knowledge of plasma 
physics may wish  to  move directly  to chap te rs  V and VI. 
which em phas ize  our m e an - f ie ld  th e o re t i c a l  approach. 
Chapter  VII d esc r ib es  th e  numerical  methods we have 
developed for the  computer simulations which implement our 
mean-field  theory. The r e su l t s  of the  s imulat ions are given 
in tw o  chapters.  Chapter VIII gives the  results  of simulations 
involving inductively driven tokamaks. Chapter IX analyzes 
th e  poss ib l i ty  of the s e l f -m a in te n a n c e  of t h e  tokamak 
current by performing simulations of completely bootstrapped 
tokamaks. Finally, some concluding remarks  a re  given in 
chapter  X.
vii
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ABSTRACT
A fundamental requirement for successful operation of a 
tokamak is the  maintenance of a toroidal e le c t r ic  current 
w ith in  the tokamak plasma i ts e l f .  Maintaining th is  internal 
plasma current can be a very d iff icult  technological problem. 
In th i s  work, a well-known but non-standard method for 
maintaining the  tokamak current called the bootstrap e f fec t  
is d iscussed .  The boots trap  e f f e c t  occurs  when a fusion 
p lasma is near  thermonuclear  conditions,  and a l low s the 
tokamak to greatly amplify i ts  e lec t r ic  current.
Because the  boots trap  e f f e c t  am plif ies  but does not 
c r e a t e  a plasma curren t ,  it  has long been argued th a t  a 
completely bootstrapped tokamak is not possible. That is, it 
has been argued tha t  some fraction of the  tokamak current 
must be created externally and injected into the plasma for a 
bootstrap amplification to  occur. This injection of current  is 
not des irable ,  however, since cu r r e n t -d r iv e  schemes are  
difficult  to implement and are only marginally eff icient .
An important but largely unexplored implication of the 
bootstrap e f f e c t  is tha t  the e f fec t ,  by i tse lf ,  c rea te s  hollow 
(outwardly peaked) tokamak current profiles.  Hollow tokamak 
cu r ren t  profi les  are  known to lead to  tearing modes, which 
are  re s is t ive  (non-ideal) magnetohydrodynamic (MHD) plasma 
in s tab i l i t ie s .  Although usually characte r ized  as harmful for 
p lasma confinement,  it  turns out th a t  tearing modes may 
actually be beneficial for the tokamak bootstrap e ffec t .
In this work, a new theore t ica l  approach based on a 
helici ty conserving mean-field Ohm's law is used to  examine 
the  in te rac t ion  between the boots t rap  e f f e c t  and tearing 
modes. Magnetic helicity is a topological quantity which is 
conserved even in turbulent p lasmas.  Computer s imulat ion 
r e s u l t s  of the  mean-fie ld  Ohm's law are  presented which 
suggest  that a completely bootstrapped tokamak may indeed 
be poss ib le .  In a com pletely  boots t rapped  tokamak. the 
tokamak se lf-m ain ta ins  i t s  e lec t r ic  current by amplifying an 
in tr insic  internal plasma current due to  the tearing modes.
xiv
COMPLETELY BOOTSTRAPPED TOKAMAK
CHAPTER I. INTRODUCTION
Sect ion  I-A. Thermonuclear  Fusion
If l igh t  a tomic  nuclei a re  heated to  tem p era tu re s  in 
excess  of 108 degrees  Cels ius ,  nuclear  k ine t ic  ene rg ies  
become la rge  enough to  overcome the Coulomb bar r ie r  of the 
in te rn u c le a r  p o te n t ia l .  In tense  heating th e re fo r e  a l low s  
atomic nuclei to join together,  rearranging them selves  in a 
process ca l led  thermonuclear fusion. Thermonuclear fusion is 
ch a rac te r ized  by one very im portant  property -  th a t  of an 
overall reduct ion in th e  to ta l  m ass  of t h e  nuclear  m a t t e r  
involved in the fusion process. This means th a t  an enormous 
amount of energy is  re leased in the nuclear  rearrangement.  
The exact amount of energy can be calculated from Einstein 's  
famous mass-energy re la t ion ,1
E = A m c2 . (I-A.1)
Thermonuclear fusion is quite common, occuring continually 
in s ta r s  such as our Sun.
’A. Einstein, Ann. Phys. 1 8 ,  639 (1905).
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3Laboratory a t te m p ts  to  reproduce thermonuclear  fusion 
have concentrated on the  reaction
H2 + H3 -» He4 + n1. (I-A.2)
The d eu te r iu m - t r i t iu m  reac t ion  (I-A.2) is favored over  all 
o th e r  the rm onuc lea r  p ro cesses ,  due to  i t s  high reac t io n  
c r o s s - s e c t i o n  a t  low t e m p e r a tu r e s .  From th e  E ins te in  
r e la t io n  (I-A.1),  i t  is s t r a ig h t fo rw a rd  to  show t h a t  the  
deu te r ium -tr i t ium  process has an energy re le a se  of 17.6 MeV 
per  fusion reaction, which represen ts  a millionfold increase  
over the  energy re leased from a typical foss i l  fuel chemical 
reac t ion .  Fortunately ,  large supplies  of nuclear  fue ls  are  
read i ly  a v a i lab le  on o r  near  Earth.  That is, an a lm os t  
l im i t l e s s  supply of the  deuter ium e x i s t s  in ordinary sea 
w a te r .  Tri tium is radioactive with  the  relatively short  half-  
l i f e  of 12.3 years ,  so i t  is in s c a rce  supply. However, using 
th e  neutrons from the fusion reactions (I-A.2), t r i t ium  can be 
bred from the  element lithium via the  f iss ion process
Li6 + n 1 -> H3 + He4 (I-A.3)
4or
Li7 + n 1 -* H3 + He4 + n 1. (I-A.4)
Perhaps  fu tu re  fusion re se a rc h  w il l  even a l low  for the  
burning of m ore advanced nuclear  fue ls ,  avoiding many 
radioactivi ty  problems. For example, the  react ion
H2 + He3 -» He4 + H1 (I-A.5)
has th e  very favorable energy r e lea se  of 18.3 MeV, without 
any neutrons.  Apparently, large quan t i t ie s  of he l ium -3  a re  
ava i lab le  on the  lunar s u r fa ce .2 However, the  deu ter ium -  
helium reac t ion  (I-A.5) requires  a tem p era tu re  an order  of 
magnitude g rea ter  than th a t  of (I-A.2).
Because of the  environmentally safe ,  re la t ive ly  c lean  
burn afforded by nuclear fusion, many coun tr ies  are  actively 
par t ic ipat ing  in an international e f fo r t  to  produce sustained 
con tro l led  thermonuclear  fusion reac t ions .  If th e  e f fo r t  is 
su cces s fu l ,  the  resu l t in g  nuclear  f i r e s  could rep lace  the  
ordinary chemical f i res  currently  used to  genera te  e lec t r ica l
2G. A. Emmert  and R. F. Pos t ,  Nuc. Fusion 3 1 ,  981 (1991).
5power. While the  rea l i ty  of n uc lea r  fusion has  been 
dramatically demonstrated by detonations of hydrogen bombs, 
the  goal of at ta in ing a sustained controlled thermonuclear 
reaction has not yet been achieved.
The d i f f i c u l t i e s  a s s o c ia t e d  w i th  su s ta in in g  a 
the rm onuc lea r  r e a c t io n  or n uc lea r  f i r e  are  rea l ly  not 
fundam en ta l ly  d i f f e r e n t  from th o s e  a s s o c i a t e d  w i th  
sustaining a chemical reaction or  ordinary fire. To i l lu s t r a te  
the point, consider the case  of carbon-oxygen chemical f ires, 
the kind frequently used at charcoal barbecues. Charcoal f ires 
fundamentally require  two things, a fuel supply of carbon 
charcoals to  mix with oxygen and something to  get the f i re  
s ta r ted .  If a charcoal f ire  is s ta r ted  successfully, carbon and 
oxygen atoms undergo a process of atomic rearrangement,  
s imultaneously releasing both heat  and light. However, as 
everyone knows, a real difficulty in maintaining a barbecue 
f ire  occurs if the heat escapes from the barbecue too rapidly, 
thus not allowing the carbon charcoals to  ignite. Even with 
an ample fuel supply, if the heat escapes from the  charcoal 
f i re  too rapidly, the carbon-oxygen reaction  may not sustain  
i tse l f  (and dinner may be steak ta r ta re) .
A very common and simple way to  overcome the  heat loss 
d if f icu lty  assoc ia ted  w ith  chemical f i res  is to  co n s t ru c t  a 
con ta ine r  which a t t e m p ts  to  i so la te  the  chemical  reac t ion  
from the  r e s t  of the  world. The container,  which is o f ten  a 
m eta l  chamber, confines the  fuel and heat of the  chemical 
reac t ion  in a way tha t  a l lows the ignition process  to  occur. 
Simple examples of such containers  include the  metal pans of 
b a rb ecu e  g r i l l s  and th e  p i s to n  c y l in d e r s  of in te rn a l  
combustion engines.
As s ta ted  above, the s i tua t ion  with  respect  nuclear f i res  
is not t h a t  d if fe ren t .  That is, th e  fundamental problem of 
confinement is a lso  the key issue associa ted  w ith  sustaining 
a therm onuclear  reac t ion .  Similar ly ,  the  co n s t ru c t io n  of a 
con ta ine r  to  confine the  fusion reac t ion  is a t  th e  hear t  of 
m ost  proposed so lu t io n s  to  t h e  hea t  lo s s  d i f f i c u l t i e s  
a s s o c ia t e d  w i th  nuc lear  f i r e s .  In fac t ,  b ecause  of the  
importance of fusion as a poss ib le  future energy source for  
humanity, the  thermonuclear confinement problem has become 
the  m a jo r  re sea rch  focus of a group of s c i e n t i s t s  ca l led  
plasma p hys ic is ts .  Plasma physics is  the  study of fully or 
partia lly  ionized gases and a fusion plasma is a fully ionized 
gas of various light atomic species.  The fusion plasmas used
7in the rm onuc lea r  r eac t io n s  a re  fully ionized because  the  
plasma tem p era tu res  are  great  enough so tha t  all individual 
atoms separa te  into e lec t rons  and postively charged nuclear 
ions.
Although fusion plasmas a re  charge neutral in bulk, the  
fact  th a t  the  fundamental cons t i tuen ts  of a plasma can have 
an e l e c t r i c  charge have some very in te res t ing  and important 
consequences. The most important consequence for the  fusion 
app l ica t ion  is due to  th e  fac t  th a t  charged p a r t i c le s  can 
in t e r a c t  w i th  m agne t ic  f ie ld s .  That is ,  s in c e  a plasma 
c o n s i s t s  of charged p a r t i c le s  and the  motion of charged 
p a r t i c l e s  r e p re s e n t s  an e l e c t r i c  cu r ren t ,  the  p lasma can 
in te rac t  with a magnetic field via the  magnetic force. This is 
im por tan t  b ecause  the  high t e m p e ra tu r e s  n ecessa ry  for 
thermonuclear fusion make i t  impossible to  cons truc t  fusion 
plasma containers  from the  kind of m ate r ia ls  used to  confine 
ord inary  chem ica l  r e a c t io n s .  For tuna te ly ,  t h e  m agne t ic  
in te rac t ion  of a plasma provides another option. That is, due 
to the  in te rac t ion  of plasma pa r t ic le s  w ith  magnetic fields, 
fus ion  p lasm a c o n ta in e r s  can be c o n s t ru c te d  f rom th e  
magnetic field i ts e l f .
8Sec t ion  I-B. Magnetic Confinement
How can the  magnetic field confine a fusion p lasm a? To 
i l l u s t r a t e  the  method, consider  f i r s t  the s i tu a t io n  in which 
th e re  is  no magnetic field. Then the  fusion plasma is s i t t in g  
by i t s e l f ,  loca l ized  in some region of space .  But th i s  
s i tu a t io n  w il l  not la s t  for long. This is because  th e re  is  a 
natural tendency for the  plasma to  expand into larger regions 
of  sp ace  and cool down. The expansion  of the  p lasm a 
continues until the plasma p ressure  p is equalized throughout 
all space and the  expansion force is ju s t  -Vp.
Consider now the  s i tua t ion  in which a magnetic field B(x) 
does ex is t .  If j is the plasma cu rren t  density,  the  magnetic  
force  acting on the  plasma is ju s t  jx B /c  per  unit volume, 
where c  is the speed of light and we use the  Gaussian sys tem  
of  e l e c t r o m a g n e t i c  u n i t s . 3 Then the  p la sm a  p r e s s u r e  
gradient  can be balanced by the  magnetic force,  forming a 
mechanical equilibrium via
Vp = j*B/c .  (I-B.1)
3J .  D. Jackson ,  C l a s s i c a l  E l e c t r o d y n a m i c s ,  (Wiley, New York, 1975) ,
pp. 0 1 1 -0 2 1 .
9An insight into the meaning of the plasma equilibrium (I-B.1) 
can be gained by combining Ampere's law
VxB = (4rc/c)j (I-B.2)
and a vector identity to obtain the expression
jxB/c = -V(B2/8T£) + B*VB/4Tt. (I-B.3)
Then the equilibrium condition (I-B.1) becomes
V(p +B2/8Tt) = B-VB/4K. (I-B.4)
Equation (I-B.4) shows th a t  a plasma pressure  gradient can 
be balanced by a gradient in th e  magnetic field p ressu re  
B2 /8Tt. For example, a magnetic field of 5000 gauss (1 /2  
Tesla)  is equivalent to  about one a tm osphere  of plasma 
pressure .  An important plasma param eter  is the re fo re  the  
dimensionless plasma beta,
0 = 8TCp/B2 . (I-B.5)
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The quantity £ is ju s t  the  r a t io  of th e  plasma and magnetic 
p ressures  and measures the efficiency with which a magnetic 
f ie ld  con f ines  a p lasm a.  Economic th e rm o n u c lea r  fusion  
r eac to r s  will  require  From th e  equilibrium equation
(I-B.4), the gas p ressure  gradient can a lso  be balanced by th e  
magnetic tension force B-VB/4H. The tension fo rce  is due to  
the bending of magnetic field lines.
The e f f e c t  of a magnetic field on a plasma is  actually 
somewhat subtle, however, a s  can be seen from examing th e  
following argument.  Suppose, bes ides  being in mechanical  
equ i l ib r ium ,  t h a t  th e  p la sm a  is a l s o  in t h e  s t a t e  of  
thermodynamic equilibrium. Then the  re la t ive  probabil ity  Pr  
of  t h e  p la sm a  being in any p a r t i c u l a r  m e c h a n ic a l  
conf igura t ion  is given by th e  famous Boltzmann fac to r  of  
s t a t i s t i c a l  mechanics,5
Pr  oc exp(-E/T), (I-B.6)
where T is the absolute  tem pera ture  in energy u n i t s  and E is
4J .  A. Wesson,  T o k a m a k s ,  (Clarendon Press,  Oxford, 19B7), p. 18.
SR. C. Tolman,  The P r i n c i p l e s  of  S t a t i s t i c a l  M e c h a n ic s ,  (Dover, New 
York, 1979),  p. 519.
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the energy of the  (nonrotating) mechanical configuration. The 
m agne t ic  force ,  however,  does not c o n t r i b u t e  to  th e  
mechanical energy E. That is , if e j ,  Xj and Vj a re  the  j t h  
plasma pa r t ic le  charge, posit ion, and velocity, then the  r a t e  
a t  which the  magnetic  force does work on the  j p l a s m a  
par t ic le  is
dEj/d t  = ejVj-[VjxB(Xj,t)/c] = 0. (I-B.7)
Equation (I-B.7) implies th a t  the  configuration energy E in 
the  Boltzmann f a c to r  (I-B.6) is  completeley independent of 
th e  m ag n e t ic  f ie ld  B. In th e rm o d y n am ic  eq u i l ib r iu m ,  
th e re fo re ,  the  magnetic  f ie ld  has no e f f e c t  on a p lasma 
w hatsoever .  This means th a t  the  fusion p lasm as  we a r e  
cons ider ing  may be s t e a d y - s t a t e  p la sm as ,  but they a re  
certainly  not p lasmas in thermodynamic equilibrium. In fac t ,  
the  m a in tenance  of a p lasm a p r e s s u re  g rad ien t  im pl ies  
en t ropy  p ro d u c t io n  and t h e  lack of  th e rm o d y n a m ic  
equil ibr ium. Since fusion p lasm as  a re  not in th e  s t a t e  of 
thermodynamic equil ibrium, an understanding of m agnetic  
confinement must involve a kinetic  theory. Unfortunately, the 
plasma k inetic  theory leads to  s e t s  of non-l inear  in tegro-
12
d i f fe re n t i a l  equa t ions  which a re  exceedingly d i f f i cu l t  to  
solve. It is  th i s  non-l inear  c h a ra c te r  of th e  fundamental  
plasma equations which l im i ts  our understanding of magnetic 
confinement.
Nevertheless, le t  us examine a very much s implif ied form 
of th e  plasma k ine t ic  theory, a vers ion  of th e  so -ca l led  
c l a s s i c a l  t r a n s p o r t  theo ry .  As prev ious ly  s t a t e d ,  t h e  
expansion of a plasma is proportional to  the  force  -Vp. The 
r a t e  of th e  expans ion ,  how ever ,  is  d e te rm in ed  by a 
th e rm o d y n am ic  d i f fu s io n  c o e f f i c i e n t  D. The d i f fu s io n  
coe ff ic ien t  D depends on the  detailed nature of the  coll is ions 
b e tw e en  p lasm a p a r t i c l e s .  The im por tan t  link b e tw e en  
c o l l i s io n s  and d if fus ion  w as  dem ons tra ted  by E ins te in ,6 
who used s t a t i s t i c a l  arguments to  co r re la te  a tomic  coll is ion 
p ro ces se s  w i th  th e  d if fus ion  of pollen p a r t i c le s ,  the  so-  
ca l led  Brownian motion. The cen tra l  point of th e  s t a t i s t i c a l  
argum ents  is th a t  d if fus ion  can be regarded a s  a random 
walk. An e f f e c t iv e  d iffus ion  co e f f ic ien t  can be ca lcu la ted  
from the formula
D s  L2 / 2 z ,
6 A. Einstein Ann. Phys. 17,  549  (1905).
(1-B.8)
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where L2 and z  represen t  the mean square d is tance  and t im e  
in tervals  for a pa r t ic le  between collis ions.
To understand plasma magnetic  confinement from the  
perspec t ive  of our simple k ine t ic  theory, le t  us once again 
suppose tha t  th e re  is no magnetic field. Then the  mean f ree  
path Xc of a plasma par t ic le  is given by
Xc = v j z ,  (I-B.9)
where th e  thermal speed
v T = (2T /m )1 / 2 . (l-B.10)
Typical thermonuclear conditions are plasma tem pera tu res  on 
the  o rder  of Tkj10 keV and den s i t ie s  n « 1 0 20 m " 3 . Under 
these  conditions,  the  plasma mean f ree  path is huge, on the  
order of several kilometers .  The value of Xc is huge because 
a typ ica l  dimension of a p lasm a conf inem en t  device  is 
ordinarily only on the  order of a meter.
Consider now the  s i tu a t io n  in which a magnetic  f ield 
does e x i s t .  As charged pa r t ic le s  move in the  vicinity of the
14
magnetic field, the p a r t ic le  motion becomes localized by the 
m agnetic  fo rce .  That is ,  p lasm a p a r t i c le s  have a hel ica l  
motion along magnetic field l ines,  t rave ll ing  unimpeded in 
d irections paral lel  to  th e  magnetic field for  a mean dis tance 
Xc , but w ith  perpendicular  excurs ions  t o  the  f ie ld  l ines  
l imited by the  gyroradius7
p = Uj/ ci>c . (I-B.11)
Here, is  th e  p a r t i c l e  ve loc i ty  perpend icu la r  to  the  
magnetic field lines and wc is the  cyclotron frequency,
<bc  = eB/mc. (1-B.12)
Replacing in (I-B.11) by u-p (I-B.10) shows th a t  the  ion 
gyroradius pf is  g rea te r  than the  e lectron  gyroradius pe  by a 
f a c to r  ( m i /m e )1 ^  j ^q e f f e c t i v e  p la s m a  d i f f u s io n  
co e f f ic ien ts  in the d irec t ions  paral lel  and perpendicular  to 
the magnetic field are  then
7J .  D. Jackson ,  C l a s s i c a l  E l e c t r o d y n a m i c s ,  (Wiley, New York, 1975),  
p. 581.
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D„ « Xc 2 / 2 ? j  (I-B.13)
and
D± = p | 2 /2 i r | .  (I-B.14)
Under thermonuclear  condi t ions  and with  typical  magnetic  
f ie lds  of several  Teslas, the  ion gyroradius pf is only on the 
o rde r  of a few m i l l im e te r s .  Therefore,  if th e  f ield l ines  
rem ain  localized,  so  tha t  para l le l  p a r t i c l e  motion is not 
im p o r tan t ,  a m agne t ic  f ie ld  can d e c re a s e  th e  p la sm a  
t ranspor t  r a t e  by a fac tor
Dj/Dn » (Pi/Xc )2 s  (10 " 3 / 1 0 3)2 = 10"12 (I-B.15)
Although th e  simple theory p resen ted  in th i s  sec t ion  only 
gives a very rough e s t im a te ,  the r e s u l t  ( I-B.15) ind ica tes  
tha t  the magnetic f ield can dramatically  decrease the  r a t e  at  
which plasma thermodynamic equilibrium is approached. This 
is how the magnetic field c r e a te s  confinement for a fusion 
plasma.
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Sect ion  I-C. Tokamaks
An important condition for magnetic confinement is  that 
magnetic field lines remain localized. That is, since th e re  is 
a strong tendency for plasma part ic les  to  follow field lines, 
if the magnetic field lines are  not confined, then the plasma 
is not confined. In th is  work, we examine a device called the 
t o k a m a k , 8,9 which is th e  m o s t  popu la r  m ag n e t ic  
confinement configuration tha t  o ffers  the required field line 
localization. Tokamak is a Russian acronyn for toroidalnaya- 
kam era-m agn itaya ,  meaning to ro ida l-cham ber-m agnet ic .  A 
torus (see Fig. 1) is a body which has the topological shape 
of a doughnut or bagel (depending on one's ethnicity).  It turns 
out that  the torus is the only possible shape which meets  the 
required field line localizat ion condition. Any shape o ther  
than the  torus would allow field lines to  en te r  or leave the 
region of magnetic confinement. This can be understood from 
the  topological hair  theorem, which s t a t e s  th a t  the to rus  
r ep resen ts  the  only closed surface  in three  dimensions on 
which hair  can be combed without crowns or cusps.  That is,
aJ. A. Wesson, T o k a m a k s ,  (Clarendon Press,  Oxford, 1987).
9H. P. Furth  In E. T e l le r ,  F u s io n ,  (Academic P re s s ,  New York, 1981),  
pp. 123-242.
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Figure 1. Torus with  Boozer coordinates. The quanti t ies  0 and 
<p r e p r e s e n t  angles which param eter ize  th e  to ru s  in th e  
po lo ida i  and to ro ida l  d irec t ions ,  respec t ive ly .  The rad ia l  
c o o r d in a te  is  th e  to ro ida l  magnetic flux enclosed by a 
c o n s ta n t  yf-surface. The quantity -% is the  poloidai magnetic 
flux o u ts id e  a c o n s ta n t - ^  surface, tha t  is, in the to ru s  hole.
18
th e  h a i r  of th e  hair  theorem  can be thought of as  a 
represent ion of the magnetic field lines.
Mathematically, the  hair  theorem requirement can be 
derived by forming the vector product of the magnetic field 
and the  equilibrium condition (I-B.1),
B*Vp = 0. (I-C.1)
This equation s t a t e s  tha t  a magnetic field line remains in a 
region w ith  t h e  sam e p lasm a p re s su re .  If a p lasm a 
equilibrium ex is ts  and | vp |*0 ,  then the magnetic field lines 
lie  in a se r ie s  of nested toroidal p ressu re  su r fa ce s .10 The 
toroidal pressure surfaces are  also called magnetic surfaces.  
Having a region of good magnetic surfaces within a plasma is 
a very im p o r ta n t  cond i t ion  for  s u c c e s s fu l  m agne t ic  
confinement.
Although equation (I-C.1) seems very simple, th e re  are 
real ly  many s u b t le t i e s  assoc ia ted  w i th  the  ex i s ten c e  of 
plasma equ i l ib r ia  and m agnet ic  su r fa ce s .  For example,  
experim ents  on so-ca l led  plasma p inches ,11 f i r s t  studied
10J .  P. Preldberg,  I d e a l  M a g n e t o h y d r o d y n a m l c s ,  (Plenum P re s s ,  New 
York, 1987), pp. 64-67 .
11W. H. Bennett,  Phys. Rev. 4 5 ,  890  (1934).
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in tensely  in the  1950 's ,  suggested  th a t  i t  would be very 
useful to  have a plasma magnetic field with a large toroidal 
component B<p. While very cos t ly  from the  economic o r  £ 
s tandpo in t  of equa t ion  (I-B.5), th e  la rge  to ro ida l  f ie ld  
provides  a r ig id  f r a m e  which is  ex t re m e ly  usefu l  for 
maintaining plasma s tab i l i ty .  The toroidal magnetic f ield B<p 
can certa in ly  sa t is fy  equation (I-C.1). However, the toroidal 
field alone cannot sa t is fy  the equilibrium condition ( l-B .l) .  It 
turns out th a t  a su ff ic ien t  condition for plasma equilibrium 
is tha t ,  besides having a toroidal component B^, the  magnetic 
f ie ld  a l s o  m u s t  have a t w i s t  o r  polo idai  com ponent 
Be .12,13 This condit ion is due to  the  f ac t  th a t  to ro idal  
magnetic  f ie ld  configurations have field gradients ,  causing 
plasma pa r t ic le s  to d r i f t  out of the  confinement zone.
Let us examine the  question of par t ic le  d r i f t s  in the  field 
B(p more c lo se ly .  From Ampere’s law (I-B.2), a to ro ida l  
m agnet ic  f ie ld  has a f ield g rad ien t  VB pointing in the  
d irec tion of th e  cen ter  of the to rus  hole. This field gradient 
causes  a var ia t ion  in th e  p a r t ic le  gyroradius (I-B .11). The 
var ia t ion  in gyroradius then induces a p a r t ic le  d r i f t  across
12L. Sp l tze r ,  Jr . ,  Phys. Fluids 1, 253 (1956).
13J.  P. F reldberg,  Id ea l  M a g n e t o h y d r o d y n a m l c s ,  (Plenum P re s s ,  New 
York, 1987),  pp. 75 -83 .
the magnetic f ie ld 14,15
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u VB = ±(u±p /2 B 2) BxVB, (I-C.2)
w h ere  th e  ± r e f e r s  to  th e  p a r t i c le  cha rge  s ign .  If the  
m agne t ic  f ie ld  B(p c i r c u l a t e s  in t h e  c o u n te r - c lo c k w is e  
d irection,  ions d r i f t  upward, to  the top of the  to rus ,  while  
e lec t rons  dr if t  downward, to  the  torus bottom. This so-called 
grad-B d r i f t  would co n t in u e  fo rever ,  ex cep t  t h a t  th e  
separa t ion  of cha rge  c r e a te s  a downward e l e c t r i c  f ield E. 
This c a u s e s  th e  grad-B d r i f t  (I-C.2) to  s a t u r a t e .  The 
downward e l e c t r i c  field E, however, has very d e s t ru c t iv e  
consequences.  This is because the e l e c t r i c  field a l t e r s  the  
p a r t i c l e  speed, again causing  a var ia t io n  in th e  p a r t i c l e  
gyroradius (I-B.11). This induces a second par t ic le  d r i f t 16
which is  independent of t h e  p a r t i c l e  c h a rg e  sign.  The
, 4 H. Alfven, Ark. Matematik,  Astron.  Fys. 27A, 1 (1940).
1SF. F. Chen, I n t r o d u c t i o n  t o  P l a s m a  P h y s i c s  and  C o n t r o l l e d  
F u s i o n ,  (Plenum P re s s ,  New York, 1984),  pp. 2 6 -2 8 .
, 6 F. F. Chen, I n t r o d u c t i o n  to  P l a s m a  P h y s i c s  and  C o n t r o l l e d  
F u s io n ,  (Plenum P re s s ,  New York, 1984), pp. 2 1 -2 3 .
» e «b = (c /b2)  ExB' (I-C.3)
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direction of th is  E*B drif t  is out of the torus,  meaning tha t  
the  plasma equilibrium and magnetic confinement are  lost .  
The downward e l e c t r i c  field due to  charge separa t ion  is 
the re fore  intolerable and a way must be found to  e l iminate  
it.
How can the e lec t r ic  field be el iminated? Since plasma 
par t ic les  move rapidly along the  field lines, if the field lines 
are  made to move from the bottom to  the  top of the  torus,  
then plasma par t ic les  can also move from the bottom to  the 
top of the torus.  A poloidai magnetic field B0 can therefore  
provide a path for plasma p a r t ic le s  to  s h o r t - c i r c u i t  the 
e l e c t r i c  field. In e f fe c t ,  the  tw is t in g  of the f ie ld  lines 
around a magnetic surface  caused by the  poloidai magnetic 
field al lows plasma par t ic les  to  sample the en t i re  toroidal 
p ressure  surface.  The net re su l t  is tha t  the  w ors t  pa r t ic le  
dr if t  motions average away.
Although there are  many specialized magnetic geometries 
(RFPs, spheromaks, etc.) , the required confinement field B0 
can be c rea ted  in fundamentally two a l te rn a te  ways. One 
p oss ib i l i ty  is th e  s t e l l a r a to r  co n c ep t ,17 which involves
,7J .  L. Shohet In E. Te l le r ,  Fus ion ,  (Academic P re s s ,  New York, 1981), pp. 
243-209 .
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creating both a large toroidal field B<p and a smaller  poloidai 
f ie ld  B0 using e x te rn a l  f ie ld  c o i l s .  The s t e l l a r a t o r  
configura t ion  (see  Fig. 2) r ep resen ts  one of the  e a r l i e s t  
a t t e m p ts  a t  magnetic confinement,  f i r s t  being pursued by 
S p i t z e r 18 and th e  Princeton group in the  la te  1950 's .  A 
major  s trength  of the s te l la ra to r  geometry is tha t  c rea t ing  
Be  from external coils  allows for some measure of control of 
th i s  magnetic field and for s t e a d y - s t a t e  operat ion of the 
s t e l l a r a t o r  device. However, a se r ious  drawback of the 
configurat ion  is tha t ,  due to  the tw is t in g  of the external  
f ield co i l s  required to  c r e a t e  B0 , the  s te l l a ra to r  is fully 
three-dimensional and very difficult  to  rea l ize  in pract ice .  In 
fac t ,  t h e  in i t ia l  r e s u l t s  of the  P r ince ton  exper im en ts  
indicated poor magnetic confinement and th e  s t e l l a r a to r  
p ro jec t  was eventually abandoned. Recently, the s te l la ra to r  
has undergone a kind of Renaissance with ac t ive  research on 
the  machine occuring in, for example, Germany, Japan, and 
th e  United S ta te s .  The principle  reason fo r  the  renewed 
in te res t  in s te l la ra to rs  is tha t  sophisticated computer codes 
and other  technological advances allow for b e t te r  positioning 
of the external field coils.
, a L. Spitzer ,  Jr . ,  Phys. Fluids 1, 2 53  (1958).
Plasma
Figure 2.  The s t e l l a r a to r  configuration. Field c o i l s  w i th  a 
helical t w i s t  produce both a large toroidal magnetic f ie ld
and a sm a l l  poloidai magnetic  f ield Bg. S t e l l a r a t o r s  a r e
d i f f i c u l t  to  r e a l iz e  in p rac t ice  because the  tw i s t in g  of  th e  
f ield co i l s  makes the configuration fullg three-d imensional .
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The a l te rn a te  concept to  the  s t e l l a r a to r  is th a t  of the 
tokamak (see  Fig. 3), which is  the sub jec t  of th is  research .  
The bas ic  idea of the  tokamak was f i r s t  described in the 
early 1950s  by Tamm and Sakharov,19 and independently by 
S p i tze r .20 Like the  s te l la ra to r ,  the tokamak also  has a large 
B(p made from ex te rna l  f ie ld  co i ls .  However, unlike the  
s te l la ra to r ,  the  sm alle r  confinement f ield Be  is now crea ted  
internally by passing a toroidal current I through the  plasma. 
This a l low s ,  in pr inciple ,  fo r  an ax isy m m etr ic  m agnet ic  
confinement configuration. Much of the  in i t ia l  experimental  
work on th e  tokamak w as  performed a t  th e  Kurchatov 
I n s t i tu t e  in Moscow. During the  1960 's ,  a f t e r  a s e r ie s  of 
im press ive  experimenta l  r e s u l t s ,21,22 the  tokamak began to  
a t ta in  the  posit ion which it  holds today, tha t  of the leading 
magnetic confinement configuration.
The modern tokamak is a large, technologically advanced 
machine. The largest  and most  sophist icated tokamak built  to
, 9 I. E. Tamm and A. D. Sakharov in f t  A. Leontovlch,  P l a s m a  P h y s i c s  and 
t h e  P r o b l e m  of  C o n t r o l l e d  T h e r m o n u c l e a r  R e a c t i o n s ,  (Pergamon 
P re s s ,  Oxford, 1961), Vol. 1, pp. 1-47.
2 0 L. S p i t z e r ,  J r . ,  In USAEC Rep. WASH-115,  p.12. .  Super in tenden t  of 
Documents,  U. S. Govt. Printing Office, Washington, D. C., 1952.
2 1 L. A. Arts imovich ,  S. V. Mirnov, and V. S. S tre lkov,  P lasm a Phys. 7 ,  305
(1965).
22L. A. Artsimovich,  Nuc. Fusion 12,  215  (1972).
Plasma Current
Figure  3. The tokamak configuration. Toroidal f ield co i ls  
p roduce  a la rge  toroidal magnetic field Bg>. The s m a l l e r
poloidai magnetic f ie ld  Bg is created by passing a toro idal
p la s m a  c u r ren t  I through th e  plasma. If the  number of 
to ro ida l  f ie ld  coils  i s  large, the tokamak becomes a nearly 
ax isym m etr ic  magnetic confinement configuration.
da te  is the  Jo in t  European Torus (JET). JET (see Fig. 4) has a 
p lasma m inor  radius a ^ l . 2 5  m. a m ajor  radius Ro»3 .0  m, 
toroidal magnetic f ie lds  B(p«3.5 T, plasma curren ts  I«7.1 MA, 
and can a t t a i n  global energy confinement t im es  g rea te r  
than  a second .23 In c o n t ra s t ,  the  f i r s t  s e r ie s  o f  Soviet 
tokamaks had p a ram ete rs  a » 0 .1 2  m, Rq k I.O m, B(p»2.5 T. 
IaO.06 MA, and a t ta ined  energy confinement t imes on the 
order  of only several mil liseconds. The JET tokamak has been 
designed t o  approach the  th e rm o n u c lea r  plasma regime. 
F requently ,  a t t a in m e n t  of t h e  the rm onuc lea r  r e g im e  is 
expressed in te rms of the Lawson c r i te r ion24
nrg  > 6 x i o 19 m _3s. (I-C.4)
The Lawson c r i te r io n  is a necessary  condit ion  for  energy 
"breakeven." The breakeven condition rep resen ts  th e  point at  
which the rm al  lo sses  from th e  plasma a r e  balanced by the 
th e rm o n u c lea r  pow er  produced by fu s ion  r e a c t io n s .  The 
requirement for plasma ignition is g rea te r  than the  Lawson 
c r i te r ion  (I-C.4) by a factor  of 2 or 3.
2 3 JET te a m  In P l a s m a  P h y s i c s  a n d  C o n t r o l l e d  N u c l e a r  F us ion  
R e s e a r c h  1 9 9 0 ,  (IAEA, Vienna, 1991),  Vol. 1, p. 27.
24J .  D. Lawson,  Proc. Phys. Soc. B 7 0 ,  6 (1957).
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Figure 4. The Jo in t  European Torus (JET). JET is the la rg e s t  
and m o s t  soph is t ica ted  tokamak bu i l t  to d a te .  Note t h e  
unconventional D-shape of the plasma c ro s s - s e c t io n .  This 
shaping optimizes tokamak plasma stab i l i ty  aga inst  so-ca l led  
ballooning modes. Ballooning modes a re  localized p re s su re -  
driven magnetohydrodynamic (MHD) in s tab i l i t i e s  which l im i t  
the  maximum attainable plasma p.
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The m ajor  and overriding s trength  of the tokamak concept 
is  tha t  the  axisymmetr ic  nature  of the  device a l lows for a 
re la t ively  easy real iza t ion of the  configuration. Drawbacks of 
t h e  con f inem en t  schem e involve i s s u e s  r e l a t e d  to  the  
tokamak toroidal  cu rren t  1. Of course ,  the  ex is ten ce  of the 
toroidal cu rren t  is necessary if the  tokamak configuration is 
to  be ax isym m etr ic .  The f i r s t  drawback i s s u e  we d iscuss  
concerns the  d is t r ibu t ion  of the  tokamak cu r ren t .  Since the 
c u r ren t  1 is  s e t  up w ith in  the  plasma, the toroidal curren t  
becomes a source  of plasma f ree  energy and the  cu r ren t  
dens i ty  jg> is  controlled  to  a large ex ten t  by th e  tokamak 
p lasm a i t s e l f .  The source  of the  confinement f ie ld  Bq is 
t h e r e f o r e  no t  under co m p le te  con t ro l .  This m eans  th a t  
tokamak p lasm as  are  suscep t ib le  to  c e r ta in  cu r ren t-d r iven  
i n s t a b i l i t i e s  ca l led  te a r in g  m odes .25 The te a r in g  modes 
l i te ra l ly  rip apart  the  poloidai magnetic field B q . While the 
tokamak is  very re s i l ien t  to  tear ing  modes, the  plasma can 
undergo  a t o t a l  d i s ru p t io n  if  s u f f i c i e n t  c a r e  is  not 
e x e r c i s e d . 26 The second drawback i s s u e  c o n ce rn s  the  
s t e a d y - s t a t e  operat ion of the  tokamak. Since the  toroidal
25H. P. Furth, J .  Killeen, end M. N. Rosenbluth,  Phys. Fluids 6 ,  4 59  (1963).
2 6 N. R. Sau thof f ,  S. von Goeler,  and W. Stodiek,  Nuc. Fusion 1 8 ,  1445
(1970) .
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cu r re n t  is  e s s e n t i a l  to  the  tokamak magnetic  confinement 
scheme, s t e a d y - s t a t e  operation requires an e f f ic ie n t  method 
to  maintain th is  curren t .  This i s sue  is an especially  c r i t i ca l  
one for the  proposed next generation of tokamaks such as the  
International  Thermonuclear Experimental Reactor (ITER).27 
In fact ,  the issue  of s t e a d y - s ta te  operation is a t  the  heart of 
th e  question of whether  the tokamak can be considered as a 
viable and pract ica l  fusion reactor.
Sec t ion  I-D. Tokamak Current
In th is  work, we p resen t  new methods to  analyze the  
d is t r ibu t ion  and maintenance of the  tokamak toroidal current.  
The new methods we present are  based on the theory of mean 
m agnet ic  f i e ld s .28 In m ean-f ie ld  theory, the  equations for 
t h e  magnetic  f ield a re  averaged over  s m a l l - s c a l e  plasma 
ins tab i l i t ie s ,  such as tearing modes. Because of the  averaging 
procedure, the  field lines of the  mean magnetic field lie in 
pe r fec t  toroidal magnetic surfaces ,  thus greatly simplifying 
t h e  an a ly s is .29 The complex behavior of tear ing  modes on
2 7 K. Tomabechl ,  J .  R. GHleland, Yu. A. Sokolov, R. Toschi ,  and ITER Team, 
Nuc. Fusion 3 1, 1335 (1991).
2 8 M. S teenbeck ,  F. Krause, and K.-H. Radler ,  Z. N atu rfosch .  A 2 1 ,  3 6 9
(1966) .
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the  plasma then reduces to  tha t  of a curren t  v iscos i ty ,30 
whose form we determine. The current viscosity represents  
the  averaged e f f e c t  of so -ca l led  "c ross - f ie ld"  t ran sp o r t  
p ro cesses  in regions of complicated magnetic  f ield line 
topology.31,32
The mean-f ie ld  theory we employ derives from the  
helic i ty  conservat ion theorem ,33,34 a very firm foundation 
on which to  build a theory indeed. The magnetic helicity K is 
defined a s 35,36
K = JA-B d3x, ( I-D.l)
where A is the vector potential.  The helicity is a topological 
quanti ty  re la ted  to  the  in te r tw in ing  of the  poloidai and 
toroidal magnetic fluxes. Although the application of helicity 
methods to tokamaks is r a th e r  novel, the  c a lcu la t io n s  
presented  here are  s t i l l  based on a very simple procedure.
29A. H. Boozer, J .  P lasma Phgs. 3 5 ,  133 (1986).
30J.  Schmidt  and S. Yoshfkawa, Phys. Rev. Lett. 2 6 ,  753  (1971).
31 A. B. Roches ter  and M. N. Rosenbluth,  Phys. Rev. Lett.  4 0 ,  38  (1970).
32A. R. Jacobson and R. W. Moses, Phys. Rev. A 2 9 ,  3335  (1984).
33M. A. Berger, Geophys. Astrophys.  Fluid Dyn. 3 0 ,  79  (1984).
34A. H. Boozer, J.  P lasma Phys. 3 5 ,  133 (1906).
35W. M. Elsasser ,  Rev. Mod. Phys. 2 8 ,  135 (1956).
36L. Wol t jer ,  Proc. Nat. Aca. Scl. USA 4 4 ,  489 (1958).
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This procedure r e s t s  on the  observation tha t  the  tokamak 
plasma is an e le c t r ic a l  conductor. In fact ,  thermonuclear  
plasmas can have conductivities grea ter  than th a t  of copper. 
As in the  ca se  of a current in a copper wire, th e  analysis of 
the tokamak curren t  is based on a single s im ple  equation, 
Ohm's law.
For the bulk plasma current I, Ohm's law is ju s t
I = V/Rq , (I-D.2)
where V is the loop voltage and Rq  is  the e f fec t iv e  plasma 
r e s is tan c e .  For the  cu rren t  density j ,  the Ohm's law we 
consider is
EB = n(j-B - j bB) - V-[XV(jj|/B)], (I-D.3)
where t\ is the plasma res is t iv i ty  and the curren t  viscosity 
X is a new term, modeling the averaged e f f e c t  of tearing 
modes on the  plasma current.  In addition to the tearing mode 
term, the mean-field Ohm's law (I-D.3) includes a term j b to 
model a tokamak curren t  amplif ica t ion  scheme called the
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b o o ts t r a p  e f f e c t . 37*38 The boo ts t rap  e f f e c t  is due to  a 
diffusion driven plasma current which is predicted to  exis t  in 
th e  thermonuclear  plasma reg im e.39 The term "bootstrap 
ef fec t"  re fe rs  to  the  legendary exploits of the  18th century 
Baron von Munchausen,40 who was said to  be able to  fly by 
l if t ing  himself  up by his bootstraps.  As we shall see, the 
bootstrap e f fec t  and tearing modes are intimately connected 
together in the tokamak.
In th i s  work, the  main question w e in v es t ig a te  is 
w he ther  the  tokamak is capable  of maintaining i t s  own 
c u r ren t  via the  combination of the  boo ts t rap  e f f e c t  and 
tea r ing  modes alone. That is , w he ther  the  c u r ren t  I of 
equation (I-D.2) can be maintained with the loop voltage V=0 
and no external  current-drive.  This is not ruled out because 
t h e  b o o ts t r a p  e f f e c t  can make the  e f f e c t i v e  p lasma 
r e s i s t a n c e  Rq  zero (or even negative),  thus allowing for a 
f i n i t e  tokamak c u r r e n t  I.41 However, a w e l l -k n o w n  
res t r ic t ion  on the bootstrap e f fec t  is tha t  i t  does not crea te
37R. J.  Blckerton,  J.  W. Connor, and J. B. Taylor, Nat. Phys. Scl. 2 2 9 ,  110 
(1971).
30B. B. Kadomtsev and V. D. Shafranov, Nuc. Fusion Suppl., p. 209 (1972).
39A. A. Galeev and R. Z. Sagdeev, Sov. Phys. JETP 2 6 ,  233  (1968).
4 0 R. E. Raspe,  A d v e n t u r e s  of  B a ro n  von M Q nchhausen ,  (London, 
1785).
4 , A. H. Boozer, Phys. Fluids 2 9 ,  4123 (1986).
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the  poloidal magnetic flux necessary to maintain the  tokamak 
in a s t e a d y - s t a t e .  Instead,  th e  b o o ts t ra p  e f f e c t  pushes 
poloidal flux out of regions of high p lasm a p ressu re .  This 
lack of poloidal flux production is p rec ise ly  why i t  is 
important to  consider the  combination of the  bootstrap e ffec t  
and tear ing  modes together .  Because tear ing  modes can rip 
a p a r t  th e  poloidal m agnet ic  f ie ld  Bq , they can c r e a t e  
a d d i t io n a l  po lo ida l  m a g n e t i c  f lux .  Although usua l ly  
ch a rac te r ized  as harmful for p lasma confinement,  i t  turns 
out th a t  tear ing  modes may ac tual ly  be beneficia l  for  the 
tokamak boo ts t rap  e f f e c t .  An e a r l i e r  study which did not 
include the e f f ec t  of tearing modes along w ith  the bootstrap 
e f f e c t  concluded tha t  "a completely bootstrapped tokamak is 
not possible" and tha t  some source of poloidal flux, such as 
e x t e r n a l  c u r r e n t - d r i v e ,  is  requ ired  fo r  a s t e a d y - s t a t e  
tokam ak  b o o t s t r a p  e f f e c t . 42 For example,  the tokamak 
cu rren t  could be externally  seeded by a wave driven plasma 
c u r r e n t . 43 This is somewhat undesirable,  however, because 
ex te rna l  cu r ren t  drive schemes a re  d i f f icu l t  to  implement 
and a re  only marginally e f f ic ie n t .44 Taking into account the
42R. J .  Blckerton,  J .  W. Connor, ond J .  B. Taylor,  Nat. Phys. Scl. 2 2 9 ,  110
(1971) .
43N. J .  Flsch,  Rev. Mod. Phys. 5 9 ,  175 (1987).
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com bina t ion  of th e  b o o ts t rap  e f f e c t  and t e a r in g  modes, 
however, our analysis  shows tha t  a completely bootstrapped 
tokam ak  is  indeed  p o s s ib le .  That i s ,  a c o m p le t e ly  
bootstrapped tokamak, like Baron von Munchausen, may indeed 
be able to  “fly."
^ A .  H. Boozer, Phys. Fluids 3 0 ,  591 (1988).
CHAPTER I I .  GENERALIZED OHM’S LAW
Sec t ion  JI-A. MHD Theory
An e lec t r ica l ly  conducting fluid, such as  the  molten core  
of planet Earth or  an in te r s te l la r  nebula, naturally gives r i s e  
to  a magnetic  field. The combined theory of the magnetic  
f ield and fluid mechanics has been studied intensely in the 
l a t t e r  part  of th is  century and is ca l led  hydromagnetics or 
m a g n e to h y d ro d y n am ic s  (MHD).45,46 MHD gives a p lasm a 
desc r ip t io n  based on the  hydrodynamic var iab les  dens i ty  
n(x,t), fluid velocity u(x,t) , and p ressure  p(x,t), and the re fore  
only gives an approximate descr ip t ion  of p lasma behavior. 
MHD theory does, however, provide a good description of most 
low -f requency ,  l a r g e - s c a l e  p lasm a phenomena. For th i s  
reason, all the  ca lcu la t ions  of our work a re  based on some 
so r t  of MHD procedure.
The fac t  tha t  MHD can give a good descrip t ion  of plasma 
behavior is by no means apriori obvious. In fac t ,  in ordinary
45T. J .  M. Boyd and J .  J .  Sanderson,  P l a s m a  D y n a m i c s ,  (Barnes & Noble, 
New York, 1969).
46J .  P. Freldberg ,  Id ea l  M a g n e t o h y d r o d y n a m i c s ,  (Plenum P r e s s .  New 
York. 1987).
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fluid mechanics, the  applicability of the fluid description is 
contingent on the fluid being sufficiently collisional.  In other 
words, the par t ic les  within an individual fluid element must 
s t i ck  to g e th e r  long enough so  tha t  the concept  of  fluid 
e lem ent  i t s e l f  is physically  meaningful. The co l l is iona l  
requirement for a fluid is jus t
Xc «  a, (II-A.1)
where  Xc is  the mean free path (I-B.9) and a is a typical 
m acroscop ic  dimension. Since for therm onuclear  plasma 
co n d i t io n s  Xc a1 km and a»1 m, i t  is indeed in i t ia l ly  
suprising th a t  the MHD description of a plasma is  ever valid.
The behavior of a plasma is different than  tha t  of an 
ordinary f luid,  however,  due to th e  m agnetic  f ie ld .  The 
magnetic f ield, in e f f e c t ,  assumes the  role  played by the 
coll is ions o f  an ordinary fluid, at leas t  for pa r t ic le  motions 
perpendicular to B. For example, in a uniform magnetic field, 
perpendicular partic le  excursions to magnetic field lines are 
l imited by th e  gyroradius (1-B.11). Since the ion gyroradius 
pj«1 mm, fusion plasmas sa tisfy  the inequality
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Pi «  a, (II-A.2)
which shows tha t  Pi can play the ro le  of Xc in a plasma. This 
r e su l t  is som etim es  summed-up by saying th a t  the plasma is 
2 / 3  of a fluid.  In fact ,  th e  ana lys is  for p a r t ic le  motions 
para l le l  to  the  magnetic  f ie ld  is much m ore  involved, and 
wil l  not be given here. The conclusion of tha t  ana lys is ,  
however,  i s  t h a t  th e  m o s t  u n s ta b le  MHD m otions  a re  
i n c o m p r e s s i b l e , 47 indica t ing  t h a t  the  v io la t ion  of the  
inequality (II-A.l)  for motions parallel  to B will  not degrade 
the re l iab il i ty  of MHD s tabil i ty  predictions.
In t h e  next severa l  se c t io n s ,  we p resen t  an MHD 
derivation of the generalized plasma Ohm's law,
E + UxB/c = t\  j . (II-A.3)
This derivation is important because the generalized Ohm's 
law provides a foundation for the more sophis t ica ted  mean- 
f ield Ohm's law approach (I-D.3) which we shall  adopt la ter .  
Before beginning our derivation, let us remark that  an appeal
4 7 M. N. Rosenbluth and P. H. Rutherford  fn E. Te l le r ,  F u s io n ,  (Academic 
P r e s s ,  New York, 1981),  p.57.
38
for (II-A.3) is o f ten  made in the  following way.48 Firs t ,  it  
is assumed tha t  the  usual Ohm's law
(II-A.4)
holds in the  local r e s t  (primed) f rame of the  plasma fluid. 
S ince the  n o n - re la t iv i s t i c  t r an s fo rm a t io n s  of e l e c t r i c  and 
magnetic quant i t ies  from the  laboratory (unprimed) frame are
the  combination of equations (II-A.5)-(II-A.7) yields (II-A.3), 
where  the  charge density pc =0 in the  lab frame. While th e re  
is nothing fundamentally "wrong" w i th  th is  argument,  w e  
p re fe r  to  give an a l te rn a te ,  more com ple te  der iva t ion  of
40J.  D. Jackson ,  C l a s s i c a l  E l e c t r o d y n a m i c s ,  (Wiley, New York, 1975),  
p. 472.
E' = E + uxB/c, (II-A.5)
(Il-A.6)
and
(II-A.7)
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Ohm's law .49 The derivation is useful because i t  brings out 
som e of th e  approximations ,  l im i ta t io n s ,  and s u b t l e t i e s  
inherent in any MHD model.
We begin our discussion of MHD equations by defining the  
the  plasma mass  density pm and fluid velocity u  from
Pm = s ot mo<no< (II-A.8)
and
v  = ( 1 / p m ) Eo, r n ^ U o , .  (I1-A.9)
Here, the  sums a re  taken  over  th e  var ious  sp ec ie s  of 
pa r t ic le s ,  ions and e lec t rons ,  contained with in  th e  plasma. 
For s implic i ty ,  we assum e a s ingle species  of ions. The f i r s t  
MHD approximation  is  to  neg lec t  th e  e l e c t ro n  m ass  me 
compared to  the  ion mass  mj.  Then (II-A.8) and (II-A.9) 
become
p m = m^ni (II-A.10)
4 9 S. I. Broglnskll  Jn M. A. Leontovlch,  R e v i e w s  of P l a s m a  P h y s i c s ,  
(Consultan ts  Bureau, New York, 1965), Vol.1, p. 205.
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and
v  = Vi.
For deuterium ions me /m i« 1  /3 6 7 2 ,  so the  neg lec t  of the 
e lec t ron  inertia  is generally a very good approximation.
The plasma charge density pc and curren t  density j are 
s im ila r ly  defined from
The second MHD approximation is tha t  the  plasma is charge 
quas i -neu tra l .  The quas i-neu tra l  approximation means tha t  
th e  d if fe rence  in magnitude of the  ion and e lec t ron  charge 
den s i t ie s  is much less than than the magnitude of e i th e r  the 
ion or t h e  e lec t ron  charge density i tse lf ,
Pc = (II-A.12)
and
(II-A.13)
I Pc /e n e I << 1*
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(II-A.14)
An e s t im a te  of the  goodness of th is  approximation can be 
obtained from Poisson's equation,
V*E = 4Ttpc , (II-A.15)
and the electron force balance equation
Vpe = -ene (E + u e xB/c). (II-A.16)
Poisson 's  equation gives pc « | E | / 4 r t a  and e lec t ron  force  
balance gives ene | E | = p e / a  or |E | j s T /e a ,  where  a is a 
typical plasma dimension. Then | pc /ene  | ss(X(j/a)2 t where
Xd = (T/4Ttne e 2 )1/2 (II-A.17)
is called the Debye length. The Debye length is always small  
compared to the  plasma scales  of in te re s t  and defines the 
boundary below which the  quqsi-neutrality  assumption is  no 
longer valid. For fusion plasmas, x ds:10“4 m and as;1 m, so 
the  quas i -neu tra l i ty  assumption (II-A.14) is very good. In
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fact, because the  quasi-neutrali ty  assumption is  obeyed in all 
p la sm a s  of p r a c t i c a l  i n t e r e s t ,  when cons ide r ing  lo w -  
frequency plasma motions, plasma physic is ts  never solve the  
Poisson equation (II-A.15) for the  e l e c t r i c  field E. Instead, 
Poisson's  equation is replaced w ith  the neutra li ty  condition
n, = ne eh n. (II-A.18)
If des ired ,  th e  s e l f - c o n s i s t e n t  charge  density  pc  can be 
determined la te r  from th e  solution E and Poisson's  equation.
Another important approximation made w i th  regard to  
e lec t rom agne t ic  fields is tha t  all processes  a re  assumed to  
be su f f ic ien t ly  slow. This assumption i s  som etim es ca l led  
t h e  q u a s i - s t a t i o n a r y  ap p ro x im a t io n .  The m eaning  of  
suffic iently  slow can be obtained from th e  Maxwell equation
VxB = (4 tc/ c ) j + (1 /c )8E /8 t .  (II-A.19)
Taking the  divergence of (II-A.19) and reca l l ing  (II-A.15) 
re su l t s  in the continuity equation for e lec t r ic  charge,
dpc /d t  + V *j = 0. ( II-A .20 )
43
The quas i - s ta t iona ry  approximation r e s u l t s  from neglecting 
the  term dpc / d t  in the  continuity equation. What th is  means 
is  th a t  th e  c h a r a c t e r i s t i c  frequency response  6>p of the  
plasma to  any charge imbalance must be much f a s t e r  than any 
plasma frequency of in teres t ,
<0 «  cop. (II-A.21)
Since th e  e lec t ro n  iner t ia  is  much sm a l le r  than  the  ion 
ine r t ia ,  th e  c h a ra c te r i s t i c  frequency response  t o  a charge 
imbalance is given by Gipssujg/Xjj. From (I-B.9) and (II-A.17), 
th is  defines the so-called e lec t ron  plasma frequency
Ci)pe = (4TCnee 2/ m e )1 /2 . (II-A.22)
For thermonuclear  param ete rs ,  6>pe « 5 x i o ^  Hz. The neglect 
of dpc / 8 t  in (II-A.20) also implies th a t  we should neglect  
the  displacement curren t  (1 /c )d E /0 t  in (II-A.19). Neglecting 
th e  d isp lacem ent cu r ren t  in th i s  equation  j u s t  r e s u l t s  in 
Ampere's law (I-B.2),
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VxB = (4Tt/c)j. (II-A.23)
The other  Maxwell equations, Faraday's law,
VxE = - 0 / c ) d B / d t ,  (II-A.24)
and Gauss 's law of magnetism,
V-B = 0, (II-A.25)
are  unaffected by the  plasma approximations.
S ec t ion  II-B. Kinetic Theory
In order  to  continue the  derivation of  th e  generalized 
Ohm's law (II-A.3),  w e  now d ig re ss  a l i t t l e  f rom our 
discussion of MHD theory to  d iscuss  kinetic  theory, which is 
th e  study of non-equilibrium t ran sp o r t  p rocesses  in d i lu te  
gases .  The cen t ra l  concept of k ine t ic  theory is th e  phase 
s p a c e  d i s t r i b u t i o n  fu n c t io n  f ^ C x .v . t ) .  The q u an t i ty  
fof(x ,v , t )d 3 x d 3 v def ines  the  average number of o t-species
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plasma pa r t ic le s  in the phase space volume e lem ent  d3xd5 v. 
The k ine t ic  d e sc r ip t io n  of a p lasma is  th e r e fo r e  m ore 
fundamental than the  MHD description,  s ince  k ine t ic  theory 
includes more information about the  d is t r ibu t ion  of p a r t ic le  
velocit ies  than fluid theory.
The c e n t r a l  equation  of k ine tic  theory is  called the  
k inetic  equation. The kinetic equation gives th e  evolution of 
the  distr ibution function,50
d fo</0t+V-0fo</8x+(eo(/ m o()(E+VxB/c)-dfo</dv=C(foi). (II-B.1)
Here, the function Cff^) r ep resen ts  the  e f f e c t s  of p a r t ic le  
corre la t ions  and is called the  coll is ion operator.  That is , the 
co l l i s io n  o p e ra to r  in c o rp o ra te s  the  averaged  e f f e c t s  of 
"random" phase space p rocesses  into the  theory. In standard 
p lasm a k in e t ic  theory, Ci f^ )  is  the  in te g ro - d i f f e r e n t i a l  
Fokker-Planck opera to r  and (II-B.1) is  a lso  known as the  
Fokker-Planck or Landau equation.51
Using th e  d i s t r ib u t io n  func t ion  f ^ C x . v . t ) ,  t h e  
hydrodynamic variables density, fluid velocity, and p ressu re
S 0 F. Relf,  F u n d a m e n t a l s  o f  s t a t i s t i c a l  a n d  t h e r m a l  p h y s i c s ,  
(McGraw-Hill,  New Vork, 1965), pp. 5 0 8 -5 1 0 .
51L. D. Landau, J .  of Exp. and Theor.  Phys. 7 ,  203  (1937).
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tensor  are defined as
n(x,t) = / f oid3v, (II-B.2)
u(x.t)  = E ^  d / n ^ J J f ^ v d ^ ,  (II-B.3)
and
pCx.t) = E ^  m0(/ f 0<(v-;j0f)(v-u0i)d3 v. (II-B.4)
Similar ly ,  th e  s e l f - c o n s i s te n t  plasma charge and cu rren t  
densit ies  (II-A.12) and (II-A.13). are  defined from
Pc = o^< e o( /fo<d3v (II-B.5)
and
j = E ^ e ^ / f ^ V d S v .  (I1-B.6)
Definitions (II-B.5) and (II-B.6) and the previous discussion 
about plasma quasi-neutrali ty  indicate tha t  the  e lec t r ic  and 
magnetic  f ie lds  E and B of the  Fokker-Planck or k inetic
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equation (II-B.1) have been smoothed-out on the  sca le  of the  
Debye length (II-A.17), a subtle  and important point to  which 
we will  re tu rn  la te r .  The la rge-sca le ,  smoothed-out E and B 
a re  the  f ields described by the Maxwell equations (II-A.23)- 
(II-A.25). In s tandard  p lasma k inetic  theory, the  co l l is ion  
opera to r  Cif^)  incorporates  the  averaged e f f e c t s  of random 
fields on scales  sm alle r  than the Debye length.
Without going into detail  about the  r a th e r  complicated 
Fokker-Planck co l l i s io n  o p e ra to r ,52 le t  us remark on ju s t  
w hat  one  m eans  by a co l l i s io n  in a p lasm a.  Typically,  
c o l l i s io n s  r e f e r  to  some kind of random p rocess  in the  
velocity  part  of  phase space. Collisions a re  an im por tan t  
concept of k inetic  theory and what one means by a plasma 
coll is ion is a l i t t l e  bit  d if fe ren t  from the  usual hard-sphere  
Boltzmann col l is ions  of an ordinary charge-neutra l  gas. This 
is because plasma pa r t ic le s  have an e le c t r ic  charge and the  
long-range nature  of the Coulomb e l e c t ro s t a t i c  force  al lows 
pa r t ic le s  to  in te rac t  over d is tances  much g rea te r  than  those 
of a hard-sphere  gas. This modification means tha t  a plasma 
p a r t ic le  actually feels  many small kicks as i t  moves through 
the  plasm a,  r a th e r  than the  one large punch of an ordinary
5 2 M, N. Rosenbluth,  W. M. MacDonald, and D. L, Judd ,  Phys.  Rev. 1 0 7 ,  1 
(1957).
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gas co l l is ion .  The Fokker-Planck o p e ra to r  is th e re fo r e  a 
diffusive. Brownian motion-like, velocity space operator.  The 
subtle ty  in defining a plasma coll is ion is tha t  even though a 
plasma p a r t ic le  rece ives  many small kicks,  what  one means 
by a plasma coll is ion is tha t  the  plasma par t ic le  has received 
enough small kicks, on the  average, to equal the  net e f f e c t  of 
one large punch.
An important  re su l t  of th e  plasma Coulomb co l l is ion  
ana lys is  is  tha t  th e  co l l is ion  frequency vc in a plasma is 
inversely proportional to  the cube of the  par t ic le  speed,53
vc <x v "5 . (II-B.7)
The ch a ra c te r i s t i c  collision relaxation t im es  in a plasma are 
th e r e f o r e  p roport iona l  to  th e  t h r e e - h a l f s  power of  the 
a b s o lu te  t e m p e r a tu r e .  For exam ple ,  th e  c h a r a c t e r i s t i c  
relaxation t im e  z e for e lectron  coll is ions with ions is54
z e = (3 /4 )  (me /2 T t)1 /2  [ne^lntX^/b)]"1 Te 3 / 2 . (II-B.8)
5 3 F. F. Chen, I n t r o d u c t i o n  t o  P l a s m a  P h y s i c s  a n d  C o n t r o l l e d  
F u s io n ,  (Plenum Press ,  New Vork, 1984),  pp. 179-181.
5 4 D. L. Book, NRL P l a s m a  F o r m u l a r y ,  (Naval R e s e a rc h  Labora to ry ,  
Washington,  D. C., 1987), p. 37.
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where the e lec t ron  tem pera tu re  Te is  in energy units  and the 
Coulomb logarithm lnCX^/b) is a numerical fac to r  w i th  b the 
impact pa ram ete r  for  90° sc a t te r in g  of therm al p a r t ic le s .  
The te m p era tu re  and density dependences of the  Coulomb 
loga r i thm  a re  very weak and o f t e n  ignored in p lasm a 
ca lcu la t ions .  For thermonuclear  pa ram ete rs ,  inCX^/b) has a 
value in th e  15-20  range and the  e lec t ron  co l l is ion  t im e  
■ce «0.1 ms. Because thermal ions a re  s low er  than thermal 
electrons,  th e  ion collision t im e  is ju s t  T:jK:(mj/me ) 1 / 2 r e .
The thermonuclear values of the ch a ra c te r i s t ic  relaxation 
t im e s  r e and z \  allow for a s im plif ica t ion  of the  p ressu re  
t e n s o r  p of  eq u a t io n  (II-B .4).  As m en tioned  in the  
In troduction ,  a modern tokamak can  ach ieve  an energy 
confinement t im e  s. Then the  co l l is ion  t im es  sa t i s fy  
the inequali t ies
z e «  (II-B.9)
and
z \  <<L z E m ( I I -B .1 0)
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This means tha t  th e  p ressu re  tenso r  p has t im e  to  relax to  
the  isotropic  form
P s p l .  (II-B.11)
where
p = (1 /3 )  / f ^ C v -U o ^ d ^ v  (II-B.12)
is ju s t  the  sca la r  plasma pressure.
Before leaving our digression on k ine t ic  theory, le t  us 
remark th a t  k in e t ic  theory p re se n ts  a g rea t  cha l lenge  to  
th e o re t ic a l  p lasma phys ic is ts .  That is, while  many useful 
p la sm a  k in e t i c  c o n c e p t s  have been d ev e lo p ed ,55 the  
exper im enta l  t r an sp o r t  r a t e s  for such bas ic  p ro ce s se s  as 
e lec t ron  heat t ran sp o r t  in a tokamak a re  g re a te r  than the  
standard theore t ica l  predictions by as many as two orders of 
m a g n i tu d e .56 These enhanced exper im enta l  loss r a t e s  a re  
s o m e w h a t  s h e e p i s h l y  r e f e r r e d  to  a s  "an o m alo u s"
55F. L. Hinton and R. D. Hazelt lne,  Rev. Mod. Phys. 4 8 .  239  (1976).
56J .H ugn i ,  Nuc. Fusion 2 3 , 3 3 1  (1983).
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t r a n s p o r t . 57 While an agreed upon theory of anomalous 
t r a n s p o r t  does not cu r ren t ly  e x i s t ,  exp lana t ions  of th e  
enhanced t ranspo r t  r a te s  usually depend on the  ex is tence  of 
so m e  kind o f  t u r b u l e n t  p la sm a  m i c r o i n s t a b i l i t i e s .  
M ic ro in s tab l i t ie s  occur  roughly on th e  s c a le  of th e  ion 
gyroradius and are  due to  the non-Maxwellian ch a rac te r  of 
the  phase space  d is t r ibu t ion  function. Clearly, plasma fluid 
theory is not capable of adequately analyzing the  e f f e c t s  of 
anomalous t r a n sp o r t .  This is due to t h e  fac t  th a t  spa t ia l  
sca le s  on th e  order  of th e  ion gyroradius a re  o u ts ide  the  
domain of any plasma fluid  theory, according to  (II-A.2).  
Anomalous t r a n s p o r t  th e re fo re  requ ires  a full non- l inea r  
k ine t ic  t r e a tm e n t ,  which once again expla ins  our lack of 
theore t ica l  understanding of plasma confinement.
S ec t ion  II-C. Fluid Equations
Plasma fluid equations are obtained by taking velocity 
moments  of th e  k ine t ic  equation  (II-B.1). In fac t ,  i t  is a 
well-known theorem of probabili ty theory tha t  a probability 
d is tr ibution function can be reconstructed by giving all of the
57P. C. LI ewer ,  Nuc. Fusion 2 5 ,  5 4 3  (1985).
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moments of the probability distribution function.58 Usually, 
th e  plasma fluid equations involve only the  f i r s t  th r e e  
velocity  m om ents .  These th ree  m oments  then  lead to  
equations for the  th ree  fluid variables,  n(x,t), u (x , t ) ,  and 
p(x ,t) .  As noted above, the  macroscopic plasma variables  
therefore  contain less  information about the plasma par t ic le  
motions than the distribution function f^Cx.v.t).
Here, we will  confine our at ten t ion  to  the equations for 
the  two lowest  order velocity moments, 1 and v. However, 
from an examination of the moment equations,  i t  becomes 
apparent  th a t  each order  of th e se  equations involves a 
moment of one higher order. For example, the  equation for the 
plasma density n will  involve the plasma velocity u and the  
equation for the plasma velocity v  will  involve the  plasma 
pressure  p. This means tha t  some assumption as to  the form 
of the  highest  order  plasma variable,  say, the  p ressu re  p 
must be made in order to close the moment equations.
We begin by multiplying the kinetic equation (II-B.1) by 1 
and integrating over the ion velocity space. This yields the 
plasma continuity equation
58J. Mathews and R. L. Walker, M a t h e m a t i c a l  M e th o d s  o f  P h y s i c s ,
(Benjamin/Cummings, Menlo Park, Calif., 1970), pp. 380-382 .
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d n /d t  + V- (nu) = 0, (II-C.1)
where we have used the  definit ions (II-B.2) and (I1-B.3) along 
w ith  the approximations (I1-A.10) and (II-A.1 1). We have also 
used the  property th a t  the  coll is ion operator  CCf^) conserves  
par t ic les ,
JC(fot)d3V = 0. (II-C.2)
S im i l i a r ly ,  m u l t ip ly in g  th e  k in e t i c  eq u a t io n  by m ^ v ,  
in teg ra t in g  over  velocity  space,  and adding th e  ion and 
e lec t ron  equations yields
p m d u /d t  = -Vp + jxB/c.  (I1-C.3)
Here, we have used (II-C.1), charge neu tra l i ty  (II-A.18), and 
once again have used the  approximation of neglect ing the  
e lec t ron  inert ia .  Also, if the  coll is ional force  is defined 
as
e oA*Ro< = - Jm oivC(foi)d3v. (II-C.4)
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then by the conservation of tota l  momentum
= 0- (II-C.5)
For sufficiently slow processes, all the  inertial forces can be 
ignored and the  dominant forces are the  pressure gradient and 
the magnetic force. Then (II-C.3) becomes
Vp = jxB/c, (II-C.6)
which is ju s t  the plasma equilibrium equation (I-B.l) .
We are now in a posit ion to  give a derivation of the  
generalized Ohm's law (II-A.3). Ohm's law can be interpreted 
to rep re se n t  the  force  balance of the  e le c t ro n  p lasma 
spec ies .  Taking the  me v moment of the  e lec t ron  k inetic  
equation and neglecting electron inertia  yields
(E + i?e xB/c) = -V pe /ene + Re . (II-C.7)
Comparing with  the electron force balance equation (II-A.16), 
we se e  th a t  the  Ohm's law (II-C.7) has the  addit ional
co l l is iona l  fo rce  te rm  Re . This is  the  point to  which we 
alluded in th e  sec t ion  on kinetic  theory and which we now 
want to  emphasize. That is. the  e lec t r ic  and magnetic fields, 
E and B, which appear in the  Ohm's law (II-C.7) a r e  averaged 
f ie lds .  In th is  case ,  the fields a re  averaged over e f f e c t s  on 
the  sca le  of the  Debye length. The coll is ional force  term Re 
then  r e p r e s e n t s  th e  averaged e f f e c t s  of e l e c t r o s t a t i c  
fluctuations on sca les  sm alle r  than the Debye length. This is 
a specif ic  ca se  of a subtle  but important principle: whenever 
new averaging procedures  a re  in troduced into t h e  plasma 
fluid desc r ip t ion ,  new te rm s  appear  in Ohm's law. The 
physical  and logical s t a t u s  of th e  p lasma Ohm's law is 
t h e r e fo r e  much m ore involved than  th a t  of th e  Maxwell 
equa t ions ,  which a re  assumed to  be un iversa l ly  valid in 
plasma physics.
From equations (II-A.11) and (II-A.13), w e  have
u e  = u - j /en .  (II-C.8)
Combining (II-C.7) and (II-C.8) r e su l t s  in
E + uxB /c  = Re  + (1 /en)( jxB/c  - Vpe ). (II-C.9)
56
From the  equilibrium equation (II-C.6) the Hall te rm jx B /c  
and the  diamagnetic  term V p e are  comparable .  A s im ple  
scaling argument then shows that
| V p e / e n | / 1 u x B / c |  «  p | / a .  ( I I -C . IO)
Using the  condition of small  ion gyroradius (II-A.2), we 
ignore the  Hall and diamagnetic te rms,  so tha t  the equation 
(II-C.9) becomes
E + u x B / c  = Re , ( I I - C . 1 1)
which is essentially  the generalized Ohm's law (II-A.3).
To complete  the  derivation, we need only show the  
equivalence between the coll is ional force and the  r e s i s t iv e  
drag term
Re = 7ij. (II-C.12)
In o rd e r  t o  do th i s ,  w e  employ a r e la x a t io n  t im e  
approximation for the  collision operator,
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C(fe ) * - (fe - f M ^ e -  (II-C.1 3)
where  z e is given by (II-B.8) and f|v|(x,v,t) is the local 
moving Maxwellian function
fM = n [2TtTe /m e]“5 /2  exp{-[me /2Te ][v-ui]2}. (II-C.14)
Combining (II-B.6), (II-C.4), (II-C.13). and (II-C.14) then 
resu l ts  in equation (II-C.12) with the res is t iv i ty
71 = me /ne2 r e . (II-C.15)
Note tha t  the expression for the plasma re s is t iv i ty  (II-C.15) 
is of the  same form as tha t  of a typical metal. As remarked 
in the  In troduction ,  the rm onuc lea r  p la sm as  a re  highly 
conducting, with conductiv i t ies  g rea ter  than tha t  of
copper. Using the expression for the e lec t ron  coll is ion t im e  
* e  (II-B.8), the dominant scaling for the plasma r e s is t iv i ty  
is
H oc Te - 3 /2 . ( I I-C .16)
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A more soph is t ica ted  k ine t ic  ca lcu la t ion  of the  r e s i s t iv i ty  
based on th e  Fokker-Planck c o l l i s io n  o p e ra to r  has been 
c a r r ie d  out  by S p i tz e r .53,60 For a plasma imbedded in a 
magnetic field, the  so-ca l led  c lass ica l  Sp itzer  re s i s t iv i ty  is 
actually a tensor  w ith
Tin = me /n e 2 r e  (II-C.17)
and
tijl = me / n e 2r e  (II-C.18)
for d i rec t io n s  para l le l  and perpendicular  to  the  magnetic  
field.
59L. Sp i tze r ,  J r .  and R. Harm, Phys. Rev. 8 9 ,  9 77  (1953).
6 0 L. S p i t z e r ,  J r . ,  P h y s i c s  of  F u l ly  I o n iz e d  G a s e s ,  ( In te rscience ,  New 
York. 1956),  pp. 8 1 -86 .
CHAPTER I I I .  MAGNETIC FIELDS
Sect ion III-A. Canonical Coordinates
In the  next several sections,  we discuss representat ions 
of the magnetic field B(x). A fundamental requirement of any 
representation of the magnetic field is tha t  it must have the  
d ivergence-free  property (1I-A.25). For example, the  most  
common and well-known representation of the magnetic field 
involves the vector potential A,
B = VxA. (II1-A.1)
Since the  divergence of the  curl of any well-behaved vector 
field vanishes, the  vector potential representa t ion  (III-A.1) 
insures th a t  the magnetic field obeys (H-A.25). In fact, the 
vector potentia l  A is a very useful cons truct  and is o f ten  
employed in plasma calculations.
In th is  work, however, we will  find it more convenient to 
use the so-called  canonical or Hamiltonian representation of 
the magnetic f ield,61
61A. H. Boozer,  Phys. Fluids 2 6 ,  1288 (1983).
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60
B = Vv^xV(0/2Tt) -  V X (^,e ,(P)*V ((p/27t). ( III-A .2 )
Because the  divergence of c rossed  grad ien ts  vanishes,  the  
Hamiltonian represen ta t ion  (1II-A.2) also has the  divergence- 
f ree  property (II-A.25). The Hamiltonian form is not w e l l -  
known outs ide  the  plasma physics community, but it provides 
a very s im p le  and e le g a n t  r e p r e s e n ta t i o n  for  to ro id a l  
m agnetic  f ie lds .  Before commenting on the  meaning of the 
so-ca l led  Boozer coordinates \f/, 0 , and le t  us consider the 
motivation for the  representat ion  (III-A.2).
A s trong incentive for  adopting the  Hamiltonian form 
(III-A.2) is tha t  i t  al lows us to  use  the  powerful theore t ica l  
m e th o d s  of H am i l to n ian  m e c h a n i c s 6 2 *63 to  d e s c r ib e  
magnetic  f ie lds .  A Hamiltonian mechanical sys tem  can  be 
described by a se t  of differentia l  equations,
dq /d t  = +dH/dp (III-A.3)
62H, Goldstein ,  C l a s s i c a l  M e c h a n i c s ,  (Addlson-Wes ley,  Reading, Mass., 
1981),  pp. 3 3 9 -5 4 4 .
6 3 A. J .  L lch tenberg  and M. A. L leberman,  R e g u l a r  and  S t o c h a s t i c  
M o t io n ,  (Sprfnger-Verlag,  New York, 1983), pp. 1-62.
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and
dp/dt = -dH/dq, (III-A.4)
where q and p are  the canonical coordinates and momenta and 
t  is  th e  t im e .  The func t ion  H=H(q,p,t) is  c a l le d  the  
Hamiltonian. The phase space (q,p) s t ruc tu re  of a mechanical 
system is completely described by the  Hamiltonian function. 
From Hamilton's equations (III-A.3) and (III-A.4), it  is easy 
to  show that  the  t ra jec to r ie s  of the phase space flow field
V = (dq/dt,  dp/dt)  (II1-A.5)
of a Hamiltonian mechanical sys tem obey the  phase space 
flow equation
V-V = 0. (III-A.6)
[Here, th e  o p e ra to r  V = ( d / d q ,  d /d p )  is the  phase space 
divergence.]  Equation (III-A.6) is known as  Liouvil le 's  
equation and can be used to  prove tha t  the phase space flow 
of a Hamiltonian mechanical system is equivalent to  tha t  of
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an incompressible fluid.
In o rder  to  ob ta in  th e  connection  w ith  Hamiltonian 
mechanics,  note tha t  a magnetic field line can be represented 
parametrically  as a solution of the equation
B = dX/dJL (III-A.7)
Here, th e  quan t i ty  i  is a t i m e - l i k e  p a r a m e te r  which  
in c re a se s  along th e  d i rec t ion  of a m agnet ic  f ie ld  l ine .  
Mathematically,  th e  magnetic field l ine  equations (III-A.7) 
and (II-A.25) are  completely identical in form to  the phase 
space t ra je c to ry  equations (III-A.5) and (III-A.6). Using th is  
m a them at ica l  analogy, Gauss 's  law of magnetism (II-A.25) 
can be in terpreted  as  a kind of “magnetic Liouville equation." 
The important point is tha t  the  t r a je c to r ie s  of the  magnetic 
f ield, th e  field lines,  have exactly  th e  same s t r u c t u r e  as 
phase space par t ic le  t ra jec to r ie s .  That is, a magnetic field is 
s t ruc tura l ly  equivalent to  a Hamiltonian mechanical system.
To make th is  point more expl ic i t ,  le t  us re tu rn  to  the  
in te rp re ta t io n  of th e  Boozer coord ina tes  \ ,^ 0, and <p. The 
i n t e r p r e t a t i o n  is  m os t  e a s i ly  made by s im u l ta n eo u s ly  
referring to  the to rus  (see Fig. 1). F irs t ,  the quant i t ies  e  and
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tp rep resen t  angles which p a ram ete r ize  th e  to rus  in the  
poloidal and the toroidal directions,  respectively .  Using the  
toroidal and poloidal area elements,
da<p = vg)d\pde/(vy/xve)-vtp (I1I-A.8)
and
dae = v e d  Xd0/(vx*ve)*v<p, (m -A .9)
and the  Hamiltonian form (III-A.2), i t  is s tra igh tfo rw ard  to  
show that
$  = /B*da<p (III-A.10)
and
-X = JB-da0 . (III-A.11)
That is, the radial coordinate is the  toroidal magnetic flux 
enclosed by a c o n s ta n t -^  surface, while -X is the poloidal
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m agnetic  flux o u ts id e  a c o n s t a n t - ^  su r face .  Next, if the  
canon ica l  form (III-A.2) is  coupled to  th e  f ie ld  l ine  
t r a je c to ry  equation (III-A.7) and the  chain rule, it  is  t r iv ia l  
to  show tha t
de/d(p = (III-A.12)
and
dx^/dtp = - a x / d e ,  (III-A.13)
which a re  ju s t  Hamilton's equations (I1I-A.3-4) w i th  e the  
"canonical coordinate ,"  ^  the  "canonical momentum," <p the  
"time," and X O M ^ )  the "Hamiltonian." So a magnetic field is 
equivalent to  a one-dimensional,  t ime-dependent Hamiltonian 
sy s te m ,  w i th  th e  nega t ive  poloidal flux X=X(^'e *fP) the  
magnetic Hamiltonian.
The Hamiltonian nature of the  magnetic field has several 
im p l ic a t io n s .  F i r s t ,  s ince  t h e  m agne t ic  Ham il ton ian  X 
co n ta in s  all topologica l  in fo rm at ion  about th e  f ie ld ,  a 
ca lcu la t ion  of X completely ch a ra c te r i z e s  the  s t r u c t u r e  of 
the  magnetic field. Second, the  magnetic f ield is an example
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of the  s im p les t  poss ib le  Hamiltonian sys tem  which s t i l l  
con ta ins  the  complex topological s t r u c tu r e s  of c l a s s i c a l  
m echan ics .  This is  because  a one-d im ens iona l ,  t im e -  
independent Hamiltonian system is always integrable. In this  
s e n se ,  th e  m agne t ic  f ie ld  can be cons idered  a s  the 
p ro to typ ica l  Hamiltonian sys tem .  The modern theory  of 
Hamiltonian mechanics,  o f te n  ca l led  Kolmogorov-Arnold- 
Moser (KAM) theory,64 and the topology of complex magnetic 
f ie lds  will be discussed fur ther  in the  chap ter  on tearing 
modes.
Sect ion  II-B. Magnetic Coordinates
Before considering the case  of more complicated magnetic 
fields, let us focus our at ten t ion  on the  simpler case alluded 
to in the la s t  section, tha t  of an integrable magnetic field. 
We begin the  discussion by noting th a t  a one-dimensional,  
t im e-dependent  Hamiltonian system, such as  the  magnetic 
field, is completely equivalent to a two-dimensional,  t im e-  
independent Hamiltonian system. That is, the  space of the 
Boozer co o rd in a te s  can be extended from one to  tw o
64K. J.  Whiteman, Rep. Prog. Phys. 4 0 ,  1033 (1977).
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dim ensions  by t r e a t in g  th e  angle <p and the  flux -% as 
canonically conjugate  variables. This procedure is completely 
analogous to  ex tending  th e  phase  sp a ce  of a c l a s s i c a l  
mechanical sy s tem  by t rea t ing  th e  t im e  t  and th e  negative 
energy -H as canonically  con juga te  var iables .  If magnetic  
su r faces  ex is t ,  the  motion of a magnetic field line can then 
be viewed as motion on a 2 - to rus  ( see  Fig. 1), w ith  the  tw o  
canon ica l  p a i r s  ( ^ ,e )  and (~X><P) forming a c t io n - a n g le  
coordinates.
In the  language of plasma physics,  the  ac t io n -an g le  
c o o rd in a te s  of th e  m agne t ic  f ie ld  a re  ca l led  m agne t ic  
c o o r d i n a t e s .  In m a g n e t i c  c o o r d i n a t e s ,  t h e  m a g n e t i c  
H am il ton ian  % \s a func t ion  of th e  to ro id a l  flux ^  
alone,65,66,67
B = V^*v(e/2Tt) * VXW*V(tp/2Tt). (III-B.1)
That is ,  if m agne t ic  co o rd in a te s  e x i s t ,  th e  c o n s ta n t -X  
s u r f a c e s  co inc ide  w i th  th e  c o n s t a n t - ^  s u r fa c e s  and the  
magnetic  field is  said to  be integrable. Magnetic coordinates
65M. D. Kruskal and R. M. Kulsrud, Phys. Fluids 1, 265  (1958).
6 6 S. Hamada, Prog. Theor. Phys. 2 2 ,  145 (1959) ;  Nucl. Fusion 2 ,  23  (1962).
67J.  M. Greene and J .  L. Johnson,  Phys. Fluids 5 , 5 1 0  (1962).
67
give a transparent  meaning to  the Boozer coordinate system 
and the  Hamiltonian representation of the magnetic field.
Magnetic coord ina tes  ex i s t  if  th e re  a re  magnetic  
surfaces .  As mentioned ea r l ie r ,  a region of good magnetic 
s u r f a c e s  is e s s e n t i a l  for success fu l  to ro idal  m agnetic  
confinem ent.  Mathematically, a necessary  and su f f ic ien t  
condition for the ex is tence  of magnetic coordinates is tha t  
there ex is ts  a function f(x) such that
B V f  = 0, (III-B.2)
where | Vf | *0, except on isolated curves. As remarked in the 
Introduction ,  if an equil ibr ium plasma has a p re s su re  
g rad ien t ,  then th e  p re s su re  function  p(*/0 insu res  the  
exis tence of magnetic surfaces.
From the magnetic coordinate representa t ion  (III-B.l), 
the  m agnet ic  f ie ld  line t r a j e c t o r i e s  a re  given by the  
equations
B-V^ = 0 (III-B.3)
and
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where th e  rotational t ransform i(\jO is defined by
i  = d X A t y . (III-B.5)
If magnetic  su r faces  ex is t ,  therefore ,  the motion of a f ie ld  
line becomes localized and a tw is t  is  induced around toroidal 
magnetic surfaces according to  the equations
The r a t e  of tw is t in g  is given by th e  ro ta t iona l  t ran s fo rm  
i(vfO, which is j u s t  the  r a t i o  of t h e  number of poloidal 
c i rc u i t s  completed by a field line to  the  number of completed 
toroidal c i rcu i ts .
The ro ta t io n a l  t r a n s fo rm  p ro f i l e  i ( ^ )  is  of g rea t
and
0 = 6 q + U W . (III-B.7)
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importance for tokamak magnetic  confinement because i t  
d e t e r m in e s  th e  lo c a t io n s  of p o s s ib le  t e a r in g  mode 
in s tab i l i t ie s  due to unfavorable current density p rof i les .68 
Typically, the  tokamak i(\J0 is a monotonically decreasing 
function of the  toroidal flux with  a cen te r  value i (^=0)»1 .0  
and an edge value i ( ^ = i ta 2 Bo)«1 /3 .  The important point is 
tha t  i(V0 is a continuous function of taking on both 
rational and irrational values. If the value of the rotational 
transform i(v^o) is irrational,  then the field line of equations 
(1I1-B.6)-(III-B.7) cove rs  th e  e n t i r e  to ro ida l  m agnet ic  
surface. If, however, U ^ q) takes on a rational value, then the 
field line b ites  i ts  own tail  as it  tw i s t s  around the torus and 
fails to  map out the complete toroidal surface.
The i ssues  ra ised  in the  las t  paragraph a r e  worth 
r e i te ra t ing  because physics teachers  frequently te l l  the i r  
s tudents  tha t  magnetic field lines must make closed loops, 
which is m a n i fe s t  nonsense.  In f ac t .  Gauss’s law of 
magnetism (II-A.25) merely s t a t e s  tha t  field l ines cannot 
diverge from points, tha t  is, do not begin or end.69 This is
60H. P. Furth, P. H. Ruther ford ,  and H. Selberg,  Phys. Fluids 1 6 ,  1054 
(1973).
69R. P. Feynman, R. B. Leighton, and M. L. Sands, T h e  Feynman L e c tu r e s  
on P h y s ic s ,  (Addlson-Wesley,  Redwood City, Calif., 1964), Vol. II, p. 13-4.
clearly the  case  for irrational values o f  rotational t ransform, 
even though these  field lines do not form closed loops. It is 
only in highly sy m m etr ic a l  s i t u a t i o n s  t h a t  f ie ld  l ines  
actually form closed loops. Nevertheless,  the posit ions where 
field lines do form closed loops are  extremely important for 
magnetic  confinement because  a t  t h e s e  posi t ions  the  field 
lines cannot,  in e f fec t ,  sample the  e n t i r e  magnetic  surface .  
Because of th is  e f fec t ,  the  magnetic su rfaces  with  rational 
values of ro ta t ional  transform, also called rat ional surfaces,  
can cause  a weakness in the  magnetic confinement s t ru c tu re  
or even ins tab i l i ty .  In s tab i l i t ies  can lead to  the  des truct ion  
of magnetic surfaces .  Whether an ins tab il i ty  actually  occurs 
will  be discussed in the  chapter  on tearing modes.
To c lo se  th is  section, le t  us remark tha t ,  because the  
ra t iona l  numbers a re  dense on the  number line, one might 
conclude th a t  the  in s tab i l i t ie s  due to the  ra t ional  values of 
the  ro ta t ional  t ransform would cause an insuperable problem 
for magnetic  confinement.  That is, w ith in  any region of the  
p lasma, no m a t t e r  how sm all ,  th e re  a re  a lw ays  ra t iona l  
values of the  rotational transform . By one of Cantor 's  famous 
s e t - t h e o r e t i c  re su l t s ,  however, the  ra tional numbers form a 
s e t  of m easure  ze ro .70 That is, th e r e  are  in f in i te ly  more
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irrational numbers than rational numbers on the number line. 
This might lead one to  the exact opposite conclusion, tha t  the 
rational values of rotational transform are of no consequence 
for magnetic confinement. According to  KAM theory, however, 
ne i ther  of th e se  conclusions is correct .  These considerations 
give some indication of the  ra the r  sub tle  physics involved 
w ith  a complex Hamiltonian system such as the  magnetic 
field.
Sec t ion  III-C. Magnetic Diffusion Equation
As mentioned in sec t ion  on canonical coordinates ,  a 
calculation of  the magnetic Hamiltonian or  (negative) poloidal 
flux function X com plete ly  ch a ra c te r iz e s  the  topological 
s t r u c tu re  of the magnetic  field. The ca lcu la t ion  of X *s 
the re fo re  of great importance to our study of the  tokamak 
cu rren t .  Eventually, we w il l  ca lcu la te  X by in tegra t ing  a 
c e r ta in  fourth-order,  parabolic partia l  d if ferentia l  equation. 
In fac t ,  th is  d if fe ren t ia l  equation is ju s t  the  mean-fie ld  
Ohm's law (I-D.3). However, because of the complexity of
70R. Courant and H. Robbins, What I s  M a t h e m a t i c s ? ,  (Oxford Univ. P ress ,  
Oxford,. 1970), pp. 77-06.
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th is  equation, we do not yet  a t te m p t  a com plete  analysis .  
Rather, in th i s  section, as a preliminary to  tha t  analysis,  we 
p resen t  a s im pler  discussion of th e  flux evolution based on 
th e  g en e ra l iz e d  Ohm's law ( II -A .3 ) .  This  d i s c u s s io n  
emphasizes the  underlying s t ru c tu re  of Ohm’s law, which is 
tha t  of a magnetic diffusion equation.
The only part  of the Ohm's law (II-A.3) necessary for the  
de te rm ina t ion  of the  flux evolution is the  para l le l
component,
E B  = n  j*B. (III-C.1)
From the p a ra l le l  Ohm's law (III-C.1) or  (I-D.3), i t  is  
important to  note th a t  the  flux evolution only involves the  
parallel  curren t  distribution,
ji = (4n /c ) j -B /B 2 . (III-C.2)
This means th a t  plasma equilibrium (II-C.6), which depends 
only on the perpendicular components of the  plasma current,  
is com ple te ly  separa ted  from the  flux evolution. In fac t ,  
fo rce  balance and th e  perpend icu la r  p a r t  of Ohm's law
determ ine  the  quantity d x /d t ,  where x(\M,<P) a re  called the 
t r a n s fo rm a t io n  e q u a t io n s .71 Together,  the  t r an s fo rm a t io n  
equa t ions  x(\/r,e.<P) and th e  magnetic  Hamiltonian X(\K0 .<P) 
completely specify the magnetic field B(x). In our theory, the  
t ransfo rm ation  equations are  assumed fixed, and our in te re s t  
is  focused entire ly  on the flux evolution.
An im por tan t  s im p l ica t ion  of our ana ly s is  of the  
tokamak c u r re n t  r e s u l t s  from rep lac ing  th e  com plica ted  
geometry of the  tokamak torus with tha t  of a s imple periodic 
c y l in d e r .  A p e r io d ic  c y l in d e r  w i th  len g th  2tcRq is 
topologically equivalent to  a torus with  major  radius Rq , as 
can be seen from slicing a torus, unfolding i t  into a cylinder, 
and identifying the  ends. The transfo rm ation  equations from 
the  Boozer coordinates  (\//,0,<P) to the  cylindrical coordinates 
(r ,e,z) are
r  = t y / n B 0 ) 1 / 2 , 
e = 0 .
z = <PR0 , (III-C.3)
71 A. H. Boozer,  “P la s m a  Confinement,"  In E n c y c l o p e d i a  o f  P h y s i c a l  
S c i e n c e  and T e c h n o lo g y ,  (Academic P re s s ,  Orlando, Florida,  1967),  Vol.
10, p. 600.
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w ith  Bo the  large cons tan t  toroidal magnetic field. That is, 
the  radial flux coordinate  Vr is represen ted  as the  cyl inder  
rad iu s  r  and the  toro idal  angle <p is equ iva len t  to  the  
longitudinal coordinate z.
The physical j u s t i f i c a t io n  of the  appl icab il i ty  of  the  
procedure (l ll-C.3) to  our research  r e s t s  on the  observation 
th a t  the  energy source  for tea r ing  modes is  th e  poloidal 
magnetic f ie ld .72 Formally, the  cylindrical  approximation is 
realized by performing asymptotic  expansions of all physical 
quanti t ies  in te rm s  of the inverse aspect  ra t io ,73
e = a / R 0 , ( I I I -C .4 )
w here  a and Rq a re  the  p lasma minor and m a jo r  rad ius ,  
respect ive ly .  Typical tokamak values for the  inverse aspec t  
r a t io  (III-C.4) a re  in the range of 1 /7  to  1 /3 .  We the re fo re  
o rd e r  all q u a n t i t i e s  in t e rm s  of th e  (assum ed)  sm a l l  
pa ram ete r  e. F irs t ,  note tha t  the  cyl indrical  approximation 
means th a t  all quant i t ies  a re  spatia l  functions of the  radial 
coordinate  r  alone. Also, the  ro tational t ransform  (III-B.4) in
72M. N. Rosenbtuth and P. H. Ruthe r fo rd  tn E. T e l le r ,  F u s i o n ,  (Academic 
P re s s ,  New York, 1981),  p. 80.
73J .  P. Freldberg,  I d e a l  M a g n e t o h y d r o d y n a m l c s ,  (Plenum P re s s ,  New 
York, 1987), p. 338.
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cylindrical coordinates is
i(r) = R0Be/rB0. (IIJ-C.5)
Since the  magnetic f ield must sa t is fy  the d ivergence-free  
condition (II-A.25) and the  rotational transform (III-C.5) is 
of 0(1), a consis tent  ordering for the magnetic field i s74
Bz  ss Bq ( 1 + e 2 ),
Bq «  eBq.
Bp =* 0. (1II-C.6)
From Ampere’s law (II-A.23) and (III-C.6), the ordering of the
current density is
jz ~ e J0- 
j0 ~ E2 Jo.
j r « 0 ,  (III-C.7)
w here  jo  = ( c /4 r c ) (B o /a ) .  The induction e l e c t r i c  f ie ld  is 
ordered from Faraday’s law (II-A.24) and (III-C.6),
74H. R. S trauss ,  Phys. Fluids 19 ,  134 (1976).
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Ez = eEq ,
Eq k e2Eo,
Er  « 0, (III-C.8)
where Eo=T\jo.
Combining (III-C.6)-(III-C.8) and the parallel  Ohm's law 
(III-C.1), we find the  approximation
EZB0 s j zBQ, (III-C.9)
where T\=Tx(r, t) and we have ignored te rm s of 0 (e2 ) smaller  
than those kept. The evolution of the  flux function X=X(r >t) is 
o b ta in ed  by in c o rp o ra t in g  th e  m a g n e t ic  c o o r d in a te  
r e p r e s e n ta t i o n  (III-B.1) along w ith  the  t r a n s fo rm a t io n  
equations (III-C.3) into equation (III-C.9). From Ampere's law 
(II-A.23), the  toroidal current density jz is
jz  = (c/4K) (1 / 2 tcr0) v 2X, (III-C.10)
where the radial Laplacian operator acts  as
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V2 X = a 2X /a r 2 + ( l / r )  dX/ar .  (III-C.11)
From Faraday's law (II-A.24), the  toroidal e le c t r ic  field Ez is 
Ez  = (1/2TCR0 ) V, (III-C.12)
where the  quantity
v  = ( i / c )  a ^ / a t  ( m - c . 13)
is known as th e  loop voltage. Equations (III-C.9), (III-C.10), 
(III-C.12), and (III-C.13) then yield
a x / a t  = ( t i c 2 /4tc) v 2 x. ( i n - c . 14 )
which is a m agne t ic  d i f fus ion  equa t ion  w i th  d i f fu s io n  
co e f f ic ien t  tic2 / 4 tt. Scaling (III-C.14), we expect th a t  the  
poloidal magnetic flux wil l  d iffuse into the  plasma with  the  
c h a ra c te r i s t ic  t im e  constant
= 4rra2 /Tic2 . ( I I I -C .1 5)
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A ty p ic a l  “sk in  t im e"  fo r  th e rm o n u c le a r  p la s m a  
param eters  is -c^«103 s.
Before leaving th is  section, le t  us comment on the ro le  of 
the  loop voltage (III-C.13) during the  evolution of a tokamak 
p la sm a .  In a tokamak, the  loop vo l tage  i s  c r e a te d  by 
transfo rm er  action. That is, a time-varying poloidal magnetic 
field is c rea ted  by a se t  of external field co i ls  in the cen tra l  
hole of the tokamak torus. Typically, a large curren t  is bu i l t -  
up in th ese  field coils  by converting e lec tr ica l  or mechanical 
energy s tored in capac i to r  banks or flywheels into magnetic 
energy. When th is  so -ca l led  primary c u r r e n t  reaches  i t s  
maximum, th e  d isch a rg e  is i n i t i a t e d ,  and th e  poloidal 
m agnet ic  flux begins to  dec rease .  The highly conducting 
tokamak plasma then ac ts  as a secondary t ransfo rm er  c i rc u i t  
and a to ro idal  cu r ren t  is induced in ternally  according to 
Ohm's law (III-C.14) with  the consequent Ohmic heating
P0hm = H j22 - (III-C.16)
where w e use equations (III-C.7) and again ignore t e rm s  of 
0 ( e 2 ) sm a l le r  than those  kept. This is the standard  method
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for creating and maintaining the tokamak toroidal cu rren t .75
There a re  several in te res t ing  issues to  d iscuss  here. 
F i r s t ,  the exac t  value of the loop voltage depends on the 
p a r t i c u la r  tokamak d ischarge  opera t ion  phase.  That  is, 
combining equations (III-C.16), (III-C.9), and (II-C.16), the 
s t a r t - u p  phase of tokamak operat ion has a heating power 
density Pohm=Ez 2 / 'rl 0<:Te 5 / 2 - The initial low temperature  or 
"burn-through“ phase of the  tokamak d ischarge  th e re fo re  
requires  large loop voltages, on the  order of Vs:100 Volts. 
A f te r  this in i t ia l  stage, the loop voltage s e t t l e s  down to a 
typical plateau value V=1 Volt. Second, i t  is  observed that 
th e re  is l i t t l e  if any skin e ffec t  during the  init ial s tages  of 
tokamak experiments . That is, the  poloidal flux and toroidal 
c u r r e n t  p en e t ra te  into the  in te r io r  of th e  plasma in an 
anomalously rapid manner, much fa s te r  than expected from 
the  typical values of 76,77 The explanation of this
e f f e c t  is apparently due to  the behavior of tearing modes and 
will  be discussed further in the chapter  on inductively driven 
tokamaks. Lastly, we mention tha t  if the applied loop voltage
75H. P. Furth In E. Tel ler ,  F u s io n ,  (Academic Pr., New York, 1981) ,  pp. 
132-135.
76S. V. flirnov and I. B. Semenov, Atomnaya Energlya 3 0 ,  20  (1971).
77T. H. Stlx, Phys. Rev. Lett. 3 6 ,  521 (1976).
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( I I I -C .13) is  held c o n s tan t  fo r  a long enough t im e,  the  
magnetic Hamiltonian becomes
X(r,t) = Xo(r) + V0 t.  ( i l i - c .1 7)
That is, the  loop voltage becomes a c o n s tan t  ac ro ss  th e  
plasma w ith  the  value V=Vq s e t  by the t ime-varying poloidal 
f ie ld  of the  t ransfo rm er  in the  torus hole. The inductive loop 
vo l tage  th e re fo re  provides a simple way to c r e a t e  quas i ­
s teady  tokamak plasma conditions.  Unfortunately,  however,  
t h e  inductive loop voltage V is  only of f in i te  duration, s ince  
any real t r ans fo rm er  contains a limited amount vo lt-seconds  
o r  swing in poloidal m agnet ic  flux. A tokamak w ith  only 
inductively driven plasma c u r ren ts  must the re fore  operate  in 
a pulsed mode, w ith  the  length of the pulses determined by 
t h e  flux c a p a c i ty  of  th e  t r a n s f o r m e r .  The maximum 
inductively driven tokamak pulse length would be on the order  
of 1000 seconds.78 Of course, a tokamak operating in such a 
pulsed  mode does not seem to  be a very p ra c t ic a l  fusion 
r e a c to r .  It is  th is  simple, but fundamental problem which 
c a u s e s  us to  seek o the r ,  n o n - in d u c t iv e  m e th o d s  fo r  
maintaining the  tokamak current.
78J .  A. Wesson,  T o k a m a k s ,  (Clarendon Press,  Oxford, 1907),  p. 15.
CHAPTER IV. TEARING MODES
Sec t ion  IV-A. Ideal MHD
The tear ing mode is a plasma ins tab i l i ty  which a r i se s  
from the  e f f e c t s  of f in i te  plasma r e s i s t iv i ty  T[. In the  next 
several  sec t ions ,  w e  discuss  sub jec ts  which are  re levant  to  
understanding  the  e f f e c t s  of tear ing  modes in tokamaks.  
Before w e begin our discussion, however, le t  us reca l l  tha t  
th e  tokamak value of t\ is  in some sense  small ,  s ince  the 
tokamak plasma is an excellen t  conducter  of e le c t r i c i ty .  In 
fac t ,  s ince  plasma r e s i s t iv i t i e s  are generally very small ,  the 
approximation is o f ten  made tha t  a plasma is an ideal or 
p e r fec t  e l e c t r i c a l  conducter .  This is par t icu lar ly  t ru e  with  
a s t r o p h y s i c a l  p l a s m a s . 79 However,  t h e r e  a r e  many 
s u b t le t ie s  contained in so-cal led  ideal MHD theories  based on 
th e  assum ption  of pe r fec t  plasma conductiv i ty .  Because of 
th e  role played by r e s i s t iv i ty  in the  tokamak tear ing  mode, 
the  sub t le t ie s  of ideal MHD theory form the sub jec t  m a t te r  of 
th i s  section.
7 9 G. K. P a rk s ,  P h y s i c s  of  S p a c e  P l a s m a s ,  (A ddlson-W es ley ,  Redwood 
City,  Calif.,  1991),  pp. 161-167 .
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In general, the problem with  the  assumption of perfect  
p la sm a conduc t iv i ty  is  t h a t  i t  p laces  an u n r e a l i s t i c  
cons tra in t  on the behavior of the plasma magnetic field. For 
example,  s e t t in g  th e  r e s i s t i v i t y  t\= 0 in th e  m agnet ic  
d if fus ion  equation  (III-C.14), we find the  poloidal flux 
evolution
ex/at = o. (iv-A.i)
That is, poloidal flux cannot d i f fu se  in to  a p e r fec t ly  
conducting plasma and the tokamak magnetic  topology is 
completely independent of t ime. Even if the  poloidal flux 
conten t  of the  plasma is assumed non-zero, so th a t  the 
tokamak has an in i t ia l  cu r ren t  p ro f i le  j 2 (r), th e  ideal 
evolu tion  equat ion  (1V-A.1) means th a t  th e  underlying 
s t ru c tu re  of the  plasma magnetic field does not a l t e r  with 
t im e.  This is ce r ta in ly  not the  experim enta l ly  observed 
behavior of the tokamak magnetic field.80
Let us, therefore,  examine the ideal MHD evolution of a 
plasma magnetic field more closely. We begin our discussion 
by se t t ing  the  res is t iv i ty  ti=0 in the generalized Ohm's law
0OR. S. Granetz, I. H. Hutchinson, and D. 0. Overskei, Nuc. Fusion 1 9 ,  1567 
(1979).
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(I1-A.3),
E + UxB/c = 0. (IV-A.2)
Combining th e  so -ca l led  ideal Ohm's law (IV-A.2) and 
Faraday's law (II-A.24), we have the magnetic field evolution
dB /d t  = Vx(uxB). (IV-A.3)
The meaning of ideal evolution equation (IV-A.3) has been 
d iscussed  by Alfven.81,82 In a very famous descr ip t ion  of 
the  ideal MHD model, Alfven s ta ted  th a t  the  magnetic  field 
behaves as if  i t  w ere  "frozen" into the  perfec t ly  conducting 
plasma fluid. This descr ip t ion  has grea t  in tu i t iv e  appeal.  
That is, if the  motion of th e  plasma fluid is  smooth and 
continuous and the magnetic field is "frozen" into the  plasma 
fluid, then th e  motion of th e  magnetic fie ld m us t  a lso  be 
smooth and continuous. This is  why th e  condit ion  of ze ro  
r e s i s t iv i t y  prevents  a plasma magnetic fie ld from a l te r ing  
i t s  underlying topology.
81H. Alfven,  Ark. Matematlk,  Astron.  Fys. 29A,  No. 11, (1942).
0 2 H. Alfven and C. -  G. FS l tham m ar ,  C o s m l c a l  E l e c t r o d y n a m i c s ,  
(Clarendon P re s s ,  Oxford, 1963), pp. 100-102.
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Alfven's  somewhat qual i ta t ive  "frozen" field descr ip t ion  
can  be t r a n s l a t e d  in to  th e  form of  a m a th e m a t i c a l  
conservation  theorem. The conservation theorem s t a t e s  tha t  
th e  to ta l  magnetic  flux through any c losed  contour  moving 
w i th  the  ideal MHD fluid s t a y s  fixed in t ime. The proof 
follows directly  from Gauss's theorem,
d(/B-dS)/dt = j e B /e t - d S  + £(Bxu)-dJL * /(V-B)u-dS. (IV-A.4)
Here, the  f i r s t  term on the r ight represen ts  the change in the  
magnetic field, the second term represen ts  the motion of the  
c losed contour, and the  third te rm  rep resen ts  motion through 
sources .  From the  d ive rgence- f ree  condit ion (II-A.25), the  
sou rce  t e rm  van ishes .  Then, s u b s t i tu t in g  the  ideal MHD 
evolution equation (IV-A.3) in to Gauss 's theorem (IV-A.4), we 
have d( jB*dS)/dt=0, which shows th a t  th e  m agnet ic  flux 
through any closed contour is conserved.
Of course ,  any real p lasm a w il l  not be p e r fec t ly  
conducting, so Alfven's  topology conservation theorem does 
not rigorously hold. That is, th e  re s is t iv i ty  t \ * 0 . From a kind 
of per turbat ion  analysis, however, one might argue tha t  small
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values of the r e s is t iv i ty  t \ can only lead to  small changes in 
the  magnetic  topology. That is, one might expect th a t  the  
t\->0 l im it  of r e s i s t iv e  MHD is ideal MHD. Although th i s  kind 
of perturbation analysis is used by physic is ts  in a varie ty  of 
s i tuat ions ,  modern developments in analytical mechanics have 
shown tha t  th is  kind of analysis  is also o f ten  not valid.  In 
fac t ,  the  t \-»0 l im it  of r e s i s t iv e  MHD does not, in general, 
yield ideal MHD.
While the type of behavior exhibited by r e s i s t iv e  MHD in 
the  l im it  t \-*0 is subtle, i t  is cer ta in ly  not unprecedented. In 
f a c t ,  th e  ze ro  r e s i s t i v i t y  l im i t  of MHD is com ple te ly  
analogous to  zero  viscosi ty  limit  of hydrodynamics. That is, 
if  th e  genera l ized  Ohm's law (1I-A.3) is  combined w ith  
Faraday's law (II-A.24), w e  have
8 B /d t  = (t\ c2 / 4 tc) V 2 B + Vx(uxB). (IV-A.5)
Here, we have assum ed the  r e s i s t iv i t y  tj to  be co n s tan t .  
S ca l ing  e q u a t io n  (IV-A.5) w i th  V = ( 1 / a ) V \  w = u o u * 
t= (a /u o ) t ' ,  and B=BqB', and dropping primes, w e  have
e B /a t  = (1 /R m) V 2B + Vx(uxB), (IV -A .6)
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where dimensionless parameter
Rm = (4Tt/Tic2 )uoa (IV-A.7)
is  ca l led  t h e  m a g n e t ic  Reynolds n u m b er .83 A ty p ica l  
tokamak magnetic  Reynolds number is very large, perhaps 
g r e a t e r  than  106 . It is a lso  im por tan t  to  note  th a t  the  
magnetic Reynolds number obeys
where  the  r e s i s t iv e  t im e  is  given by (III-C.15) and the  
ideal MHD t im e  is defined by
In hydrodynamics, on the  o ther  hand, th e  vo r t ic i ty  o>=Vxu 
obeys the evolution equation84,85
63G. Bateman,  MHD I n s t a b i l i t i e s ,  (MIT P re s s ,  Cambridge,  Mass., 1970),
p. 202.
84H. Helmholtz,  Crel les  J .  5 5 ,  25 (1858).
8 5 H. K. M o f f a t t ,  M a g n e t i c  F i e l d  G e n e r a t i o n  In E l e c t r i c a l l y  
Conduct ing F lu ids ,  (Cambridge Univ. P r e s s ,  Cambridge,  1978),  pp. 4 6 -48 .
Rm = (IV-A.8)
*MHD = a / y 0* (IV-A.9)
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dO)/dt = ( v /p m) + Vx(ux(i>). (IV-A.10)
Here, we have assumed the  mass density p m and the  fluid 
viscosity  v both to  be cons tant .  Scaling equation (IV-A.10) 
w ith  V = ( 1 / a ) V \  u = u q u \  t= (a / i>o)t \  and <i>=(uo/ a )6)‘, and 
dropping primes, we have
is the called the fluid Reynolds number. Except for the fact 
t h a t  the  vor t ic i ty  co involves the  fluid velocity  u ,  the  
magnetic  f ield equations  (IV-A.5)-(IV-A.7) and vor t ic i ty  
equations (1V-A.10)-(IV-A.l2) are exactly the same. Now, it 
is  w e l l -k n o w n  from both theory  and ex p e r im e n t  in 
hydrodynamics tha t  the  small fluid viscosity or large fluid 
Reynolds number l imit  (v->0 or Rf-»oo) does not necessar i ly  
yield the  smooth laminar  flow of ideal fluid po ten t ia l
86>/dt = (1/Rf) + Vx(l?xG>), (IV-A.11)
where the dimensionless parameter
Rf = ( p m / v ) u 0 a (1V-A.12)
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t h e o ry .86 In fact ,  the  famous physic is t  von Neumann has 
charac te r ized  the v=0 ideal potential flow of w a te r  as the 
flow of "dry water."  That is, fluid v iscosity  is an essen t ia l  
property of a fluid and really cannot be neglected. Similarly, 
the  plasma res is t iv i ty  is an e s sen t ia l  property of MHD and 
really cannot be neglected.
A way to understand the  sub t le  nature of the t\-*0 or 
Rm-»oo magnetic field problem is the following simple model. 
Suppose init ial ly  tha t  the re s i s t iv i ty  t\ is  very small  and 
tha t  everything is smooth and continuous. Then the magnetic 
field evolves nearly according to the  ideal evolution equation 
(IV-A.3). Suppose now, however, tha t  a region of turbulence 
develops in the plasma fluid. If the  plasma fluid s t a r t s  to  
t w i s t  and turn, then the magnetic field must  also t w i s t  and 
turn. This is because the magnetic field is "frozen" into the 
fluid, at  leas t  for the short time sca le  ?MHD- The important 
point is tha t ,  while  the  magnetic Hamiltonian X M 0 .<P.t) 
evolves on the slow t im e  sca le  and can be considered 
fixed on the  t ime scale  the t ransform ation  equations
of the Boozer coordinates x(^,e,<p,t) can evolve very rapidly,
8 6 R. P. Feynman, R. B. Leighton, and M. L. Sands,  The Feynman L e c t u r e s  
on P h y s ic s ,  (Addlson-Wesley,  Redwood City, Calif., 1964),  Vol. II, pp. 4 t - 9  
-  41-10 .
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so the  magnetic field B(x,t) can change spa tia l ly  on th e  fas t  
t im e  sca le  'Cmhd* t ^ s *s ^e y *° understanding th e  large 
magnetic Reynolds number behavior of a magnetic f ield .  That 
is ,  a highly jumbled plasma fluid means sharp g rad ien ts  in 
th e  plasma magnetic  field B. Examining th e  full m agnet ic  
field evolution equation (IV-A.5), we see th a t  even though the 
r e s i s t iv i t y  ti is small  in th is  equation, i t  is mult ip l ied  by 
V 2 B, which is the highest  spa t ia l  derivative in the magnetic 
f ie ld  evolution. Since the re  a re  sharp g rad ien ts  in B, the 
quantity V 2 B can be quite large, even if V 2 B represen ts  the 
e f f e c t s  of small per tu rba t ions .  In fact ,  t h e  product t\ V 2 B 
usually does not vanish in the l imit  ti^O and must be kept. 
This subtle kind of l im it  is called a singular l imit.87
The exac t  same singular l im it  occurs in the magnetic  
d if fus ion  equation (III-C.14). Actually,  s in c e  the  function 
V 2 X is the  only spa t ia l ly  varying term in th is  equation, it 
should a lways  be kept. However, even if V 2 X rep resen ts  the 
e f f e c t s  of small p e r tu rb a t io n s ,  i t  can be a very spikey 
function. The product tiV2?( can  the re fo re  be much larger 
than  one might naively expect and must be kept. From the
8 7 C. M. Bender and S. A. Orszag,  A d v an ced  M a t h e m a t i c a l  M e th o d s  f o r  
S c i e n t i s t s  and E n g i n e e r s ,  (McGraw-Hill,  New York, 1978), pp. 4 1 9 -4 8 3 .
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relation (III-C.10), th is  means tha t  the underlying topology of 
a tokamak magnetic field can be al tered in the  neighborhood 
of a spikey per tu rba t ion  cu r ren t  density  j 2 . Notice th a t  
underlying topological changes are  always modeled by the 
highest spa t ia l  derivat ive  te rm  in evolution equations, an 
important point to  which we will return later.
We end this section by presenting a simple model of solar 
f lare  formation.88 This astrophysical plasma example is of 
in te res t  because i t  provides a ra ther  dramatic i l lus tra t ion  of 
what can happen when a plasma magnetic field undergoes a 
topology altering transformation. First, from the observation 
of sunspots ,  it is known th a t  tubes of magnetic flux a re  
constantly rising upwards in the  solar atmosphere. The flux 
tubes r i s e  because differences in the solar  plasma densit ies  
inside and outside of the tubes c rea te  Archimedean buoyancy 
forces,  thus l if t ing the  tubes to  the so la r  surface. As the 
flux tubes r ise,  they become tangled and tw is ted ,  and large 
magnetic field gradients  soon begin to appear. In fact,  if the 
m agne t ic  f ie ld  p o la r i ty  of neighboring flux tubes  is 
oppositely directed, the field gradients become so steep that  
strong re s i s t iv e  diss ipation (III-C.16) occurs. Then the flux
88 E. N. Parker ,  C o s m lc a l  M agne t i c  F i e l d s ,  (Clarendon P ress ,  Oxford,  
1979).
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tubes  break and reconnect w i th  each o ther ,  a l te r ing  th e i r  
underlying topology. The a l te r ing  of the  magnetic  topology 
means tha t  previously tangled flux tubes can detangle from 
each o ther.  A useful analogy is to  think of the  flux tubes as 
s t r e tch ed  rubber bands, each with  an in ternal tension  force 
of B2 /4 r t ,  as in equation (I-B.4). The removal of topological 
co n s t ra in t s  a l lows the  rubber band-like flux tubes to  fur ther  
lower the i r  energies by relieving themselves of the i r  internal 
s t r e s s e s .  The tubes  the re fo re  act  like s l ing -sho ts ,  throwing 
th e i r  charged p a r t i c l e  m a t t e r  in to  th e  so la r  sy s te m .  Of 
course ,  th is  is a great ly  s im plif ied  model of so la r  f la res .  
Nevertheless,  photographs of the  so la r  su r face  c lear ly  show 
the s l in g -sh o t - l ik e  burs ts  of the solar  magnetic f ield .89
S ec t io n  IV-B. Magnetic Topology
In th is  section,  we d iscuss  the  topological s t ru c tu re  of 
the tokamak magnetic field. The fundamental concepts for our 
d iscu ss io n  come from KAM theory,  which is the  u l t im a te  
s t a t e m e n t  of modern Hamiltonian mechanics .  KAM theory 
rigorously describes  the  conditions under which the  topology
09H. Zl r ln  in McGrow Hil l  E n c y c lo p e d i a  of  S c i e n c e  & T e c h n o l o g y ,  
(McGrow-Hill,  New York, 1987),  Vol. 17, pp. 5 8 0 -584 .
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of a Hamiltonian system  is  preserved.  In f ac t ,  the  formal 
KAM theory is  exceedingly m athem atica l ,  and the  proofs are 
very d i f f icu l t  to unders tand .90,91,92 Fortunately ,  however,  
the physical meaning of the  KAM concepts  is  much e a s ie r  to  
c o m p r e h e n d .93 Our d iscuss ion  th e r e fo r e  em p h as iz es  the  
physical  c o n te n t  of  KAM theory and i t s  ap p l ica t io n s  to  
magnetic f ie lds .
The topology of tokamak magnetic field lines can always 
be placed in to  one of three  d is t inc t  ca tegor ies :  (1) toroidal, 
(2) is land,  o r  (3) s to c h a s t i c .  By a toro idal  topology, we 
simply mean tha t  magnetic  field l ines  form a sequence of 
nes ted  toroidal magnetic surfaces,  as  described by equations 
(III-B.6) and (III-B.7). While of grea t  p rac t ica l  importance, 
to ro ida l  f ie ld  line topology is th e re fo re  r a th e r  t r iv ia l  to  
understand. The c a s e s  of island and s to c h a s t i c  f ie ld  line 
topologies, on the o ther  hand, rep resen t  more complicated,  
n o n - t r iv ia l  m agne t ic  topologies.  We th e re fo r e  focus our 
a t ten t ion  on these  complicated magnetic fields.
In order to  d iscuss  complicated tokamak magnetic field
90A. N. Kolmogorov, Dokl. Akad. Neuk. SSSR 5 8 , 527 (1954).
91V. 1. Arnold, Sov. Math. Dokl. 3 ,  136  (1963) .
92J. Moser, Nachr. Akad. Wiss. Gott ingen Math. Phys. K 1, 1 (1962).
93K. J .  Whiteman,  Rep. Prog. Phys. 4 0 ,  1033 (1977).
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line topologies,  we begin by assuming th a t  w e a re  dealing 
w i th  a m agne t ic  f ie ld  which is nearly  in th e  m agne t ic  
coo rd ina te  form (III-B.1).  That is, w e  assum e  an optim al 
fie ld line Hamiltonian X of the  form
XW.e.fP) = XoWO + XiW .e.W . ( iv -B . i )
Where Xo and Xl sa t is fy  the inequality
I Xl I «  I Xd I • (IV-B.2)
In fact ,  if  the  tokamak magnetic field could not be placed in 
t h i s  form, i t  would be of l im i te d  i n t e r e s t  f rom th e  
s tandpoint  of magnetic  confinement.  The real advantage of 
the  Hamiltonian (IV-B.I), however,  is tha t  th is  form al lows 
us to  study the  proper t ies  of field lines using per turbation  
theory. Of course,  from the  las t  section, we expect th a t  the  
appl ica t ion  of per tu rba t ion  theory to  magnetic  f ie lds  is  a 
r a th e r  tr icky business.  Nevertheless,  magnetic  per turbat ion  
theory is adequate for our needs and, more importantly ,  i t s  
use  will help us underscore  some of the  su b t le  poin ts  of 
modern Hamiltonian mechanics.
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Having broken the  magnetic  Hamiltonian up in to  tw o  
parts ,  we proceed to  do th e  same thing to th e  magnetic field. 
From the  canonical form (III-A.2) and (IV-B.I), we define
B = B0 + B j , (IV-B.3)
with
Bg = V^xV(6/2Tt)  - VXoW)xV(<P/2Tr)t (IV-B.4)
and
Bi = -V%]ty,e.<9) *V(9/2n) .  (IV-B.5)
Using the inequality (IV-B.2), the  two pieces of the magnetic 
field obey
| B ] | « | b 0 | .  ( iv - b .6)
From the  magnetic coordinate form (III-B.1), the field B0 has 
good m agnet ic  su r fa ce s .  We des ire ,  however, to  find the
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magnetic surfaces,  should they ex is t ,  of the  magnetic field B. 
According to  (III-B.2), th is  means th a t  we m u s t  find a 
function f(x) such tha t
B-Vf = 0.
Then th e  magnetic  surfaces  
Let us make the  expansion
f = fg + f^ + . . . ,
where
and take
Bg-Vfg = 0.
(IV-B.7)
a re  the  su r faces  of cons tan t  f.
(IV-B.8)
(IV-B.9)
(IV-B.10)
The so lu t io n  to  (IV-B.10) is fg = fg(V0. w here  fg is an 
a rb i t ra ry  function of yf. If we now su b t rac t  (IV-B.10) from 
(IV-B.7) and keep only th e  leading order te rm s ,  we find
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Bo-Vfi + Br Vf0 = 0. (IV-B.11)
Equation (IV-B.11) is  a so -ca l led  magnetic  d i f fe re n t ia l  
equation for the function f-|.
We solve the magnetic d if fe ren t ia l  equation (IV-B.11). 
F irs t ,  s ince the  tokamak torus  is periodic in the  poloidal 
angle 8 and the  toroidal angle <p, the perturbation Hamiltonian 
XlW'.Q.fP) can be expressed as the Fourier series
Xl = Z  X nm M  expEi(me-ncp)], (IV-B.12)
where the summation extends over the  poloidal and toroidal 
mode numbers m and n. A s t ra igh tfo rw ard  in tegra t ion  of 
equation (IV-B.11) then shows that
f 1 = (dfo/d\/0 Z  [XnrT/(l ~n /m M exp[i(me-n<p)], (IV-B.13)
w h e r e  i = d X o /(W* as  in equa t ion  (I1I-B.5). C la s s i c a l  
perturbation theory therefore leads to the so-called resonant 
denominators  ( i -n /m ) .  Unless we impose a whole s e t  of 
conditions on the perturbation amplitudes Xnm- t h *s means
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th a t  the p e r tu rb a t io n  expansion (IV-B.13) diverges near  the 
positions of  the resonances i(\/fQ)=n/m. Classical perturbation 
theory  h a s .  in som e  sen se ,  t h u s  fa i led .  The r ea s o n  
perturbation theory fails is  that th e  magnetic field l ines can 
be strongly perturbed near rational su rfaces  and the re fo re  
undergo a change in topology. In fac t ,  from the  s e t  of 
equations (IV-B.3)-(IV-B.5), we see  tha t  the  field B has a 
component,  while th e  f ie ld  Bq of (IV-B.4) has zero  radial 
component.  P e r tu rb a t io n  theory, which is based on the 
assumption that t h e  perturbed field lines are, in some sense, 
c lo se  to  t h e  unperturbed field l ines,  has trouble mimicking 
th i s  topology change. The resonance phenomenom th e re fo re  
rep resen ts  a physical as well  as a m athem atica l  d if f icu lty  
w ith  the per tu rba t ion  expansion.
Fortunately, however, we can use  a tr ick to s tave  o f f  the 
problem of  resonan t  denominators to  a higher order in the 
per tu rba t ion  expansion. To i l l u s t r a t e  how th is  s tav ing  off 
procedure works, cons ider  a perturbation with  a single (n.m) 
Fourier mode. Take
fl = -Cdfo/dV') [Xnm/ (l " n/m^  c o s fm0"n<P5* (IV-B.l 4)
9 8
The procedure  we u se  a l lo w s  the  per tu rba t ion  theory to  
converge in the  region of space  about the  resonant surface  
where  i ( ^ o ) = n /m - Actually,  for  a s ingle  Fourier mode, w e  
could t r a n s fo rm  to  a coord ina te  s y s te m  ro ta t in g  at th e  
r e so n a n c e  f requency  and u se  t h e  m ethods  of  s e c u la r  
per tu rba t ion  theory, thus d irec t ly  removing the problem of 
sm all  d en o m in a to rs .94 We d iscuss  th i s  kind of procedure 
la ter .  For th e  staving off process ,  w e  begin by noting tha t  
the ro ta t ional  transform has th e  expansion about the  resonant 
surface
i  = (n/m) + i* ( ^ - ^ 0 ) + * • * • (IV-B.15)
where i*=(di/d\J0(). Then, s ince  fo is an arbitrary function of 
\f/, we a re  free  to  choose
fo = 0>2/2. (IV-B.16)
Combining (IV-B.14)-(IV-B.16), we have
9 4 A. J .  L lch tenbe rg  and M. A. L leberman ,  R e g u l a r  and S t o c h a s t i c  
M o t io n ,  (Sprlnger-Verlag,  New York, 1983), pp. 100-107 .
f l  = -(Xnm/ l 'J cos(me-ntp),
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(IV-B.17)
at  leas t  near the rational surface v ^ q .  Using the  equations 
(IV-B.8 ), (IV-B.16), and (IV-B.17), the new cons tan t  of the  
motion f can therefore be approximated as
f = fy -y o )2/2  - (Xnm/ l ') cos(me-n(p). (IV-B.18)
Inverting th is  equation, we determine the function ^ ( f ,8 ,<p),
vjf = \//0 ± + (Xnm/ 1 ‘) cos(me-ntp)]}1 /2 . (IV-B.19)
This solut ion has unphysical behavior for f < | X n m / l ’ l- We 
can simplify the solution by defining
^n m  = l 4Xnm/ l i 1/2  (IV-B.20)
and
s = ± [ (f+Xnm/l , )/(2Xnm/ l ')]1 /2 - (IV-B.21)
Using a t r ig o n o m e tr ic  iden t i ty ,  we then de te rm ine  the
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function y^s.e.y)),95
y/ = ± A nm {s2 - sin2 [(me-n<p)/2]}1 / 2 . (IV-B.22)
The quantity A nm is known as the  magnetic island half-width  
in yj-space, while  th e  dimensionless quanti ty  s labe ls  the 
perturbed magnetic surfaces.  For reasons to  be given shortly,  
su r face s  w i th  | s | >1 are  sa id  to be o u ts ide  th e  magnetic 
island, while  su r faces  with | s | <1 are  said to  be inside the 
island. An extremely important and remarkable fea tu re  of the 
so lu t ion  (IV-B.22) i s  tha t  t h e  c h a r a c t e r i s t i c  sc a le  of a 
topology a l te r ing  magnetic  pe r tu rba t ion  is proportional to  
I Xnm 11 / 2 > not I Xnm I as one rnight naively expect.
The behavior of the  perturbed field lines can be b e t te r  
understood by plott ing the function ^(s.e.y)) in the  \ff-e plane 
w ith  y>=0 (see  Fig. 5). In fact, if we follow a single field line 
of cons tan t  s and continually plot i ts  posit ion whenever <p=0 
(mod 2Tt), then th is  kind su r face  trac ing  plot is known as a 
Poincare plot or su rface  of section. From (IV-B.22) w ith  y>=0, 
w e  se e  t h a t  p e r tu rb ed  m a g n e t ic  s u r f a c e s  o u t s i d e  the  
magnetic island, | s | > 1 , are well-defined  for all values of 0 ,
95A. H. Boozer, Phys. Fluids 2 7 ,  2055  (1984).
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- 1.0
Figure  5. Magnetic island, surf  ace  plot .  An m=1 m agnet ic  
is land  is  i l lu s t r a te d  with magnetic su rfaces  labeled by the 
p a r a m e t e r  s .  Note th a t  d i f fe ren t  p a r t s  of the  m ag n e t ic  
s u r f a c e s  inside the  magnetic island are labeled by po s i t iv e  
and nega t ive  values of s. The sign of s is  determined by 
w h e th e r  t h a t  pa r t  of the  perturbed magnetic su r fa ce  l ie s  
ins ide  o r  outs ide  of the original resonant magnetic surface .
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and simply wobble about th e i r  unperturbed pos i t ions .  The 
topolgy of field lines w ith  | s | > 1  is  thus not a l te red .  The 
m agnet ic  su rface  w ith  | s |=1 is a specia l  ca se ,  being the  
la s t  su r face  on which all  values of e a re  meaningful. This 
su r face  is called the  separatr ix ,  because the  surface  | s |=1 
s ep a ra te s  two very d if fe ren t  regions of field l ine topology. 
S e t t in g  | s | = 1  and <p=0 in (IV-B.22), w e  s e e  t h a t  the  
separa tr ix  is divided into m segments, each bounded by a so- 
ca l led  island X-point.  The island X-poin ts  a r e  a lso  ca l led  
hyperbol ic  fixed po in ts .  The la rg e s t  ex cu rs io n s  o f  th e  
separa t r ix  from the  unperturbed su r face  a re  ^ n m *  so 
the  full width of the separatr ix  region in ^ - s p a c e  is 2 A nm. 
This is the  reason A nm is called the  magnetic island h a l f ­
width.
Inside the magnetic island, | s | <1, the  magnetic topology 
of the  f ield lines is a l tered.  In order  to  get a feel for  the 
topological s t ru c tu re  of th e se  f ield lines,  we cons ider  the 
ca se  | s | « 1  and t ransform to  a new se t  of coordinates .  We 
define the  perturbed dimensionless action
£. = t y - W / A p m (IV-B.23)
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and the  helical angle
Q = me - n<p. (IV-B.24)
Then near s=0, which is called the  island O-point,  equations 
(IV-B.22MIV-B.24) imply that
That is ,  t h e  m agnet ic  s u r f a c e s  appear e l l i p t i c a l  in the  
hel ically  ro ta t ing  £ - 0  coordinates .  The island O-points  are  
t h e r e f o r e  a l s o  ca l led  e l l i p t i c  f ixed po in ts .  Using the  
expansion of the rota t ional  t ransform  (IV-B.15), we see  tha t  
the  equations of motion for a field line are
dQ/d<p = m i 'A nm£ (IV-B.26)
s 2 = £,2 + (Q /2 )2 . (IV-B.25)
and
d£/d<P = - ( m i ‘A nm/4)  sinQ. (IV-B.27)
Combining these  equations,  we find
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d2 £2/d<p2 = - v nm2 sinQ, (IV-B.28)
Where
v nm = rni'Anm/2 . (IV-B.29)
The extremely remarkable resu l t  (1V-B.28) suggests that ,  in 
the helically rotating t - Q  action-angle coordinates, the field 
line motion near a resonance has the phase space topology of 
a pendulum, com ple te  with  l ib ra t ion  ( | s | < 1), s ep a ra t r ix  
( | s  | = 1), and ro ta t io n  ( | s | > 1 ) .  In fact ,  according to KAM 
theory,  th is  is the  generic behavior of any Hamiltonian 
s y s t e m  near  r e so n a n ce .96 The fundamental  problem of 
Hamiltonian mechanics is the re fo re  the  resolu t ion  of the  
motion of coupled non-linear oscil la tors ,  indeed a ra ther  deep 
and satisfying conclusion of the theory.
Inside the magnetic island, we see th a t  the topological 
s t ru c tu re  of a magnetic field line about the  island o-point  is 
completely s e l f - s im i la r  to  the  toroidal topology about the
9 6 A. J .  Lfch tenberg and M. A. Lieberman,  R e g u l a r  and s t o c h a s t i c  
M ot ion ,  (Sprfnger-Verlag,  New Vork, 1983), pp. 104-106.
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magnetic axis ^=0. That is ,  as field lines ro ta te  about the 
magnetic axis \f/=0 at  a ra te  given by the rotational transform 
field lines within the  magnetic island ro ta te  about the 
island O-point at  a r a te  given by the frequency vnm(s), which 
is a generalization of the quantity vnm defined in (IV-B.29). 
The frequency vnm (s) is the re fo re  ca l led  the  ro ta t iona l  
t ransform  of the island in the helical f rame of reference .  
This se l f - s im i l ia r  motion of the field lines can continue ad- 
infinitum. That is, the  beating between the various orders of 
rotational t ransform can produce islands within  islands, and 
so on. In o the r  words, a whole sequence of  higher order  
resonances  can occur. The magnetic  f ield can th e re fo re  
display a fracta l  s t ru c tu re .97
Although the island topology we have jus t  discussed is in 
some sense quite involved, from a magnetic surface point of 
view, it  is s t i l l  relat ively simple. That is, perhaps several 
magnetic islands ex is t  in the  plasma, each with  V'-space half 
widths  A nm given by (IV-B.20). These island modes, while 
complicated, do represent a kind of magnetic surface, and the 
motion of f ie ld  l ines can s t i l l  be considered smooth and 
predictable .  However, our discussion of possible  field line
97B. B. Mandelbrot, The F r a c t a l  G eom et ry  of  N a t u r e ,  (W. H. Freeman,  
San Franslsco, 1982).
106
topologies is not finished. That is, i f  the  s e p a ra t r i c e s  of 
neighboring magnetic  is lands overlap, an en t i re ly  d if fe ren t  
kind of fie ld line topology occurs .98 When magnetic  is lands 
overlap, the  co n s tan ts  of the motion or  isolating in tegra ls  f 
of equation (IV-B.7) disappear and the  magnetic su rfaces  are 
completely  des troyed. Field l ines a re  then f re e  to  wander 
randomly about t h e  e n t i r e  reg ion  en com passed  by the  
magnetic islands.  That is, magnetic field lines s tochast ica l ly  
f i l l  volumes and do not l ie  in su r faces  at al l .  A region in 
which many magnetic  islands overlap is  ca l led  a s trong or 
globally s tochas t ic  region. In globally s tochas t ic  regions, the 
f ie ld  l ines  can wander  over la rge  rad ia l  por t ions  of the  
plasma, 8 ^ / y « 0 ( 1 ) .  Since a globally s to c h a s t i c  region has 
com plete ly  de- local ized  magnetic  f ield lines,  th i s  so r t  of 
topology is obviously very bad for magnetic  confinement.  
Even if  m agnet ic  is lands do not overlap,  however,  i t  is 
im portan t  to  note th a t  an in t r ins ic  region of s to ch as t ic i ty  
always e x i s t s  near the  separa tr ix  of a magnetic is land .99 In 
t h e s e  s o - c a l l e d  re so n a n ce  layers  o r  reg ions  of weak 
s to ch as t ic ty ,  the  random excursion of field lines is l imited
98B. V. Chirlkov, Phys. Reports 5 2 ,  265 (1979).
9 9 A. J .  L ich tenberg  and M. A. L ieberman,  R e g u l a r  and  S t o c h a s t i c  
M o t io n ,  (Springer-Ver iag .  New York, 1983),  p. 214.
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to  the  order  of the  sep a ra t r ix  width,  S ^ « 2 A n m . These 
loca l ized  regions  of s to c h a s t i c i t y  a r e  unavoidable  in 
tokamaks with magnetic islands.
Because field lines wander randomly in island overlap or 
s ep a ra t r ix  regions, one useful descr ip t ion  of s to c h a s t i c  
topology re l ie s  on a magnetic diffusion coeff ic ient  Dm . If a 
s to c h a s t i c  field l ine  is followed for a d is tance  fl., the 
magnetic diffusion coeff ic ient  is defined so that  the  mean- 
square radial  displacement of the field l ine is given by the 
formula
<(Ar)2 > = 2 Dm 4. (1V-B.30)
For the c a s e  of many overlapping resonances o r  s trong 
s tochas t ic i ty ,  an actual Brownian motion of the field lines 
occurs ,  and the  m agnet ic  d i f fus ion  c o e f f ic ie n t  can be 
calculated from the quasi-l inear formula100
Dm = TtR0 E  | Brnm | 2 /B q 2 . (IV-B.31)
100M. N. Rosenbluth,  R. Z. Sagdeev,  and J .  B. Taylor,  Nuc Fusion 6 ,  297 
(1966).
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Here, Brnm is the  radial magnetic field per tu rba t ion  of the  
(n,m) Fourier mode,
®rnm = (l/2TtRo) | mj(nm^^" I • (IV-B.32)
and the  summation extends over all the  overlapping magnetic 
islands.
The magnetic diffusion coeff ic ien t  descr ip t ion  has been 
used by R echester  and Rosenbluth101 to  derive an e s t im a te
rl
fo r  “c r o s s - f i e l d ” e l e c t ro n  hea t  t r a n s p o r t  in a s trongly  
s to c h a s t i c  magnetic  field. The der iva t ion  begins w ith  th e  
assum ption  tha t  an e lec t ron  follows a s to c h a s t ic  field line 
for a mean t im e z e before colliding, where z e is th e  electron 
coll is ion t im e (II-B.8 ). Before colliding, an e lec t ron  therefore  
moves a mean d is tan ce  Xc along a s to c h a s t i c  f ie ld  line, 
where Xc is the mean free path (I-B.9). Now, according to  the  
formula  (IV-B.30), if a s t o c h a s t i c  f ie ld  l ine i t s e l f  is  
followed for a d is tan ce  Xc , it wanders  radially  a mean- 
square distance
<(Ar)2 > = 2 DmXc . (IV-B.33)
101 A. B. Roches te r  and M. N. Rosenbluth,  Phys. Rev. Lett.  4 0 ,  38 (1978).
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Since the  e lec t ron  follows the  field line, i t  also su f fe rs  the 
m ean-square  radial  displacement (IV-B.33) before colliding. 
A f te r  a coll is ion,  the  e lec t ron  moves to another field line, 
and th e  whole  p ro ces s  r e p e a t s  i t s e l f .  The p ro c e s s  is  
the re fo re  jus t  a random walk and, according to the  diffusion 
formula (I-B.8 ), an e f fec t iv e  e lec t ron  thermal d iffusivity  Xe 
can be obtained by dividing the  m ean-square  d isp lacem ent 
(IV-B.33) by the  collision t im e r e ,
Xe = ^ (A r )^ ^ /2 z?0 s Dm(Xc/?e)  = ^m^Te* (IV-B.34)
w h ere  u j e is  th e  mean e lec t ro n  speed < |v n  |>  along a 
s to c h a s t s ic  f ield line, the  e lec t ron  thermal speed (I-B.10).  
For th e  ca se  of a globally s to c h a s t i c  magnetic  field, the  
e lec t ron  thermal diffusivity is  the re fo re  given by (IV-B.34), 
w ith  Dm given by the quasi- l inear  formula (IV-B.31).
In our work, however, we are  more in te re s te d  in the  
localized separa tr ix  layer diffusion. We mention again th a t  
th is  d iffus ion  is  unavoidable in tokam aks with  m agnetic  
is lands .  A useful e s t im a te  for the  magnitude of the  (n.m) 
island layer c ro s s - f ie ld  thermal diffusion coe ff ic ien t  Xe has
been  given by W h ite ,102
Xe * wnm2 / 2 r e- (IV-B.35)
Here, w nm is  the (n.m) island width in real space.
Wnm=(2Anm)(dr/dV0=4 | [R0 Brnm]/[mB0(dl/dr)] 11 / 2 .(IV-B.36)
We give a h e u r i s t ic  argument for the  formula (IV-B.35).  
F i rs t ,  w e  once again assume tha t  we a re  in the long mean 
f ree  path thermonuclear  regime and tha t  an e lec t ron  moves a 
mean d is ta n c e  Xc along a s to c h a s t i c  f ie ld  line f ield line 
b e fo re  co l l id ing .  Now, co n s id e r  an e f f e c t i v e  m agne t ic  
d i f fu s io n  c o e f f i c i e n t  Dm for  the  s e p a ra t r ix  layer .  The 
e f f e c t iv e  magnetic diffusion coeff ic ien t  cannot be so great  
th a t  i t  g ives a rad ia l  d if fus ion  which exceeds  th e  (n,m) 
island layer th ickness  w nm i t se l f .  From equation (IV-B.33), 
th is  means th a t  Dm cannot be much g rea te r  than th e  value 
w nm 2 / 2 X c . On the  o ther  hand, s ince the  tokamak e lec t ron  
mean free path Xc is on the order of k i lom eters  and tokamak 
m ag n e t ic  i s lan d s  a r e  on th e  o rd e r  of c e n t i m e t e r s ,  a
1 0 2 R. B. W hi te ,  T h e o r y  of  T o k a m a k  P l a s m a s ,  (North-Hol land,  
Amsterdam , 1989),  pp. 3 1 2 -316 .
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s to c h a s t i c  s e p a ra t r ix  magnetic  f ield l ine  of length Xc 
c i r c u i t s  a magnetic island of s ize  wnm many t im es .  This 
means th a t  tha t  Dm cannot be much le ss  than th e  value 
w nm 2 / 2 X c . Combining the  tw o  arguments ,  the  e f f e c t iv e  
magnetic diffusion coeff ic ient  for the separatr ix  layer must 
be on the  order of
Dm -  Wnm2 / 2 XC. (1V-B.37)
Substi tu t ion  of (IV-B.37) into the formula of Rechester and 
Rosenbluth (IV-B.34) then yields the random walk e s t im a te  of 
White (IV-B.35).
Sec t ion  IV-C. Tokamak P lasma S tab i l i ty
At the  beginning of th is  chapter ,  w e  mentioned tha t  
tea r ing  modes a r i s e  from the  e f f e c t s  of f in i te  plasma 
r e s i t i v i t y .  As d iscussed  in sec t ion  IV-A, f in i te  plasma 
res is t iv i ty  allows a magnetic field to  undergo a change in i ts  
topological s tructure .  That is, topologically toroidal magnetic 
field lines can tea r  and reconnect, forming the  island chains 
of section IV-B. It is th is  transformation or d is tort ion of the
112
m agnetic  f ield which is called a tearing mode .103 Tearing 
modes a re  prime examples of MHD plasma in s tab i l i t i e s .  MHD 
i n s t a b i l i t i e s  a r e  t h e  s t r o n g e s t  and m o s t  im p o r ta n t  
in s t a b i l i t i e s  in tokamaks. In th e  MHD model, des tab il iz ing  
plasma forces  can a r i se  from gradients  in e i th e r  the plasma 
cu rren t  density or the plasma p ressu re .104 Tearing modes are 
cu r ren t -d r iv en  r e s i s t iv e  plasma in s t a b i l i t i e s  which tend to 
be unstable  when the plasma curren t  profile is  e i ther  hollow 
(ou tw ard ly  peaked) o r  too  s t e e p . 105 In t h i s  sec t ion ,  we 
address  the  issue  of tokamak p lasm a s ta b i l i ty  aga ins t  the 
tear ing mode.
The issue of tokamak plasma s tab i l i ty  against  the tearing 
mode is really  a question of energe t ics .  In fac t ,  one of the 
b e s t  known w ays  of analyzing MHD s t a b i l i t y  p ro p e r t i e s  
u t i l ize s  the so-cal led  plasma Energy Principle . 106 The Energy 
Principle s t a t e s  tha t  a perturbation which lowers  the plasma 
potentia l  energy,
,03H. P. Furth,  J.  Killeen, and M. N. Rosenbluth,  Phys. Fluids 6 ,  459 (1963).
104M. N. Rosenbluth and P. H. Ruther ford In E. Te l le r .  F u s io n ,  (Academic 
P re s s ,  New Vork, 1981),  pp. 3 1 -1 2 1 .
, 0 S H. P. Furth ,  P. H. Rutherford,  and H. Selbe rg ,  Phys.  Fluids 1 6 ,  1054 
(1973) .
1061. B. Berns te in ,  E. A. Frieman,  M. D. Kruskal ,  and R. M. Kulsrud, Proc.  R. 
Soc. A 2 4 4 ,  17 (1958).
W = f  (3p /2  + B2 / 8TC) d3X, (IV-C.1)
des t roys  a plasma equilibrium, thus causing th e  plasma to  
spontaneously  d i s to r t .  As we sha ll  see,  the  ques t ion  of 
t e a r in g  mode e n e rg e t ic s  boils  down to  tw o  com peting  
p r o c e s s e s :  ( 1) po lo ida l  f lux an n ih i la t io n ,  w hich  is  
destabil iz ing,  and (2 ) field line bending, which is s tabil iz ing.  
The s tabil iz ing e f fec t  of field line bending can be understood 
by considering the nature of the (n.m) magnetic island. As we 
have seen, th e  (n.m) magnetic  island chain is bent into m 
poloidal segem ents .  This means tha t  low m tea r ing  modes 
requ ire  the  leas t  amount of field line bending. In order  to  
bend field lines, a tearing mode must overcome the  magnetic 
tens ion  force  B«VB/4tc of equation (I-B.3). Fourier  modes 
w i th  low poloidal mode number m the re fo re  tend to  be m ost  
su scep t ib le  to  the tear ing  mode ins tab i l i ty .  Of course ,  th e  
s tab il iz ing  e f fec t  of field line bending is minimized near the  
magnetic  su rface  where the rota t ional  transform i{v^o)=n / m * 
That is, near  the  ra t iona l  su r face  ^=^o* Fourier
mode o s c i l l a t io n  re s o n a te s  w i th  th e  na tu ra l  o s c i l l a t io n  
frequency of the magnetic field.
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In order to simplify the tokamak s tabi l i ty  analysis , we 
assume that the shape of the tokamak current profile is such 
tha t  both ideal MHD and plasma p re s su re  modes a re  MHD 
s tab le .  That is, we assume tha t  the  MHD s tab i l i ty  of the  
tokamak against  the current profile  is determined by tearing 
mode considerations alone. In fact ,  ideal MHD current  modes 
with poloidal mode number m>2 are  s tab le  for sufficiently  
narrow, centrally peaked current p rofi les .107'108 The neglect 
of the ideal MHD effec ts  does not, therefore,  place any severe 
r e s t r i c t io n s  on the  a l lowable  tokamak cu r ren t  p ro f i les .  
P ressure  modes do not place severe res tr ic t ions  on the shape 
of the  curren t  profile e i th e r .109 For our s tab i l i ty  analysis, 
the pressure gradient is therefore  taken as
Vp = 0, (IV-C.2)
which means tha t  the  plasma is assumed to  be “force-free."  
From (IV-C.l) and (IV-C.2), a force-free  plasma has the free 
energy
, 0 7 V. D. Shafranov, Sov. Phys-Tech.  15,  175 (1970).
1O0J. A. Wesson, Nuc. Fusion 1 8 ,  87 (1976).
109B. R. Suydam, Proc. U. N. Conf. Peaceful Uses At. Energy, Geneva 3 1 ,  157 
(1958).
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(IV-C.3)
Combining the  fo rce - f ree  condition (IV-C.2), the  equilibrium 
re la t ion  (II-C.6 ), Ampere's  law (II-A.23), and the  defin i t ion  
o f  th e  p a ra l l e l  c u r r e n t  d i s t r ib u t io n  (III-C.2),  w e  then  
genera te  the  fo rce - f ree  plasma equation
Equation (IV-C.4) forms the  basis for our tokamak s tab i l i ty  
ana lys is .  Note from th e  divergence of (IV-C.4) and Gauss 's  
law of magnetism (II-A.25) that
This means th a t  a f o rc e - f r e e  cu r ren t  p rofi le  w ith  | V j i | * 0  
implies the  ex i s te n c e  of a se t  of good magnetic  su r faces ,  
ju s t  as a non-vanishing pressure  gradient does.
Our tokamak stab i l i ty  analysis is performed by comparing 
plasma equilibria w ith  the same curren t  d is t r ibu t ion  ji. That 
is,  w e  com pare tw o  cu r ren t  d is t r ibu t ions ,  th e  equilibrium
V*B = jiB. (IV-C.4)
B-Vjl = 0. (IV-C.5)
current  d is t r ibu t ion  and a perturbed current  d ist r ibut ion  
JJ(V'p). to  d e te rm in e  w h e th e r  th e  energy of th e  p lasm a 
equi l ibr ium is lowered  or r a i s e d  by th e  formation  of a 
m agne t ic  is land .  The fac t  t h a t  the  c u r r e n t  d i s t r ib u t io n  
function ji is sam e function of the  toroidal flux before and 
a f t e r  the  per tu rba t ion  is implied by th e  constancy of the  
s t e a d y - s t a t e  loop voltage, and holds throughout th e  plasma, 
except in a thin r e s i s t iv e  layer about the  magnetic island. As 
we have seen in the  previous section, the  perturbed toroidal 
flux vpp(x) can, however, be a very d i f fe ren t  function of 
posit ion than v^(x). A division of the  plasma into tw o  regions, 
an ideal region away from the  ra t ional  su rface  and a thin 
r e s i s t i v e  layer about the  ra t iona l  surface ,  simply makes it 
e a s i e r  for us to  perform the tokamak s tab i l i ty  analysis .  Of 
course ,  in the  r e s i s t iv e  layer, the  topology of th e  magnetic 
f ield can be a l te red  with  the opening of a magnetic island. 
The r e s i s t iv e  layer magnetic field can the re fo re  change very 
rapidly. This means th a t  spikey c u r re n t s  can a r i s e  in the  
neighborhood of a magnetic island. In our pertubation theory, 
which conserves  magnetic  topology away from th e  ra t ional  
su r face ,  th e  spikey c u r re n ts  a s so c ia te d  with a m agnetic  
island are  modeled by a single del ta  function cu r ren t  a t  the
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posit ion of the  rational surface.  As we shall see, i t  is the 
sign of the  del ta  function cu rren t  which de term ines  the 
tearing mode stabil i ty .
We begin the tokamak stabil i ty  analysis. First ,  from the 
fo rce - f ree  plasma equation (IV-C.4), the  unperturbed plasma 
equilibrium is given by
VxB0 = Ji(v/OB0 . (IV-C.6 )
Similarly, the perturbed equilibrium is given by the  equation
Here, the  equilibrium field Bg and the perturbation field B^  
obey (IV-B.3MIV-B.6) .  We assume tw o  se ts  of magnetic 
surfaces,
Vx(B0 + B i ) = Ji(^p)(Bg + B i ). (IV-C.7)
Bg-V* = 0 (IV-C.8 )
and
(Bg + B} )*V^p = 0. (IV-C.9)
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Subtracting (IV-C.8 ) from (IV-C.9), keeping only the  leading 
order  te rm s ,  w e have
Bo-Vtyp -  I/O + Br Vv/f = 0, (IV-C.10)
which is a magnetic d if fe ren t ia l  equation for (i/fp-\J0. Using 
(IV-B.12), the  solution to  (IV-C.10) is
l/'p - $  = Z  [Xnm^l - n / r n ^  exp[i(m0-n^p)]. (IV-C.11)
Similar ly ,  sub trac t ing  (IV-C.6 ) from (IV-C.7), keeping only 
the  leading order te rms,  we find
VxBt = [jityp) - ji(\/0] B0 ♦ j i ty)  B-j, (IV-C.12)
where, to  leading order,
P(^p) - .H(!/0 = (dji/d\/f) (\/fp - \/0. (IV-C.13)
Combining equations (IV-C.1 U-0V-C.13),  then yields the  so-
ca lled  MHD s tab i l i ty  equation , 110
V x B 1=(dj i /d^)2I[^nm/( i -n /m )]e xp [ i (m e-n < p ) ]B 0 +ji(ii(f)B1 . (IV-C.14)
An in te g ra t io n  of th e  MHD s t a b i l i t y  equa t ion  d i rec t ly  
determines the  s tab il i ty  of the  tearing modes.
While the  com plete  MHD s tab i l i ty  equation (IV-C.14) is 
r a t h e r  com plica ted ,  if  w e  use  t h e  s t r a i g h t  cy l in d r ica l  
tokamak app rox im at ion  of s e c t io n  III-C, t h e  s t a b i l i t y  
equation for the  (n.m) Fourier mode takes  the  much simpler  
form
v ±2 Xnm = KRo/ r XdM/dr}/(i-n/m)] ^ nm. (IV-C.15)
Here, the perpendicular Lapalacian V j .2 ac ts  as
V j .2 = d2 / d r 2 * (1 / r )d /d r  - m2 / r 2 . (IV-C.16)
In t h e  so -ca l led  marginal s tab i l i ty  equation (IV-C.15), the  
p a r a l l e l  c u r r e n t  d i s t r i b u t i o n  ^ ( r )  and th e  r o t a t i o n a l
1, 0 A. H. Boozer, "P lasma Confinement;* In E n c y c l o p e d i a  of  P h y s i c a l  
S c i e n c e  and T e c h n o lo g y ,  (Academic P ress ,  Orlando, Florida,  1987),  Vol.
10, p. 680.
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transform i(r)  are
JJl = (1/2ltR0 B0) V 2 Xo. (IV-C.17)
and
I = (1/2TtrB0) dXo/dr. (1V-C.18)
In making the  cylindrical  tokamak approximation, we have 
again ignored te rm s  of 0 ( e 2 ) sm alle r  than those  kept. Note 
tha t  the  solution X n m ^  °f  the  marginal s tab i l i ty  equation 
(IV-C.15) depends on the  shape of the tokamak current profile 
through the d p /d r  derivative term. The term containing d p /d r  
can be destabil izing, and is large near the rat ional surface  
i ( r n m )=n/m, unless  the  cu r ren t  gradient i t s e l f  vanishes 
there .  In the  express ion  (IV-C.16) for the  perpendicular  
Laplacian, note also tha t  we have a term m2 / r 2 . This term is 
stabil iz ing, and models the previously discussed e f f e c t  of 
field line bending.
We now d iscuss  several important p roper t ies  of the 
solution for the  Fourier amplitude X n m ^ -  Firs t ,  the  general 
solution Xnm ° f  the second-order, linear differential  equation
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(IV-C.15) is a linear combination of two solut ions ,111
Unm(r) = rm gnm(r2). (IV-C.19)
and
Vnm(r) s r " m W r 2)- (IV-C.20)
We assume an analytic  solution for Xnm near *be magnetic 
axis.  This means tha t  the  solut ion Xnm in te r io r  to  the  
rational surface r=rnm must come out of the axis r =0 like the 
func t ion  Unm of (IV-C.19). Next, if  a conducting wall  
surrounds the plasma at  the  posit ion r=b, then we have the 
boundary condition Xnm^b^=0* In our model, however, we 
assume no conducting wall ,  tha t  is, we let the  conducting 
wall posi t ion  go to  inf in i ty ,  b-*w. This means tha t  the  
solution Xnm exter ior  to  the rational surface r=rnm must act 
like th e  function Vnm of (IV-C.20) as r->oo. in general,  
because of the different nature of the solutions (IV-C.19) and 
(IV-C.20), the in te r io r  and ex te r io r  solutions for Xnm Wl11 
not a t tach  smoothly to each other  at  the  resonant surface
11 !W. A. Newcomb, Ann. Phys. 1 0 ,  232 (1960).
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r=rnm. This phenomenon is due to the fact  tha t  we have fixed 
the  magnetic topology away from the ra t ional  surface, and 
le t a delta function current s i t  at  the position r=rnm.
Let us ca lcu la te  the value of this delta function current.  
The perturbed longitudinal current j nm is jus t
i n m  = (c/ 4 tc) (1 /2rcR0 ) V ± 2 X n m  cos(me-n<p). (IV-C.21)
We now model the perpendicular Laplacian function as a delta 
function spike
where A is some amplitude. In order to  calcuate  A, we simply 
in tegra te  (1V-C.22) over the resonant surface. The result  is
where all  quant i t ies  are  evaluated at the  resonant su rface  
r=rnm, with the c r i t ica l  factor A 'nm (delta-prime) defined by
v ±2Xnm = A S(r-rnm), (1V-C.22)
A = A ‘nm?Wi' (IV-C.23)
A nm = ^Xnm/d r^Xnm- (IV-C.24)
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Here, the jump in the derivative [dXnm/cir  ^ *s 9*ven b9
= ^ m E-»0 l r s + e  " ^ n r r / ^ l  r s - e ^ ‘
A 'nm depends only on the  shape of the  current profile  and 
rep resen ts  th e  spikey curren t  c rea ted  in the vicinity of a 
magnetic island.
The quantity A ’nm is indeed the c r i t ica l  tearing mode 
fac tor  because i ts  sign and magnitude determine the  stabil i ty  
of tokamaks against tearing modes and the growth r a t e  of 
m agne t ic  i s l an d s .  The te a r in g  mode s t a b i l i t y  can  be 
determined by calculating the energy 8Wnm released by the  
opening of a magnetic island. This energy is jus t
5Wnm = " J inm ^nm dt, (IV-C.26)
w h e re  j nm is  given by ( IV-C.21) and th e  per tu rbed  
longitudinal e lec t r ic  field Enm is
Enm = d/2TCR0) (1 /c ) (6Xnm/6 t )  cos(me-n<p). (IV-C.27)
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Performing the integration, we find
SWnm = " (2TtR0 *Ttrnm2) (rnmA 'nm/m 2 )
which shows tha t  A 'nm>0 leads to  a re lease of magnetic free 
energy and a tear ing  mode ins tab i l i ty .  Relation (IV-C.28) is 
called the  Furth energy c r i te r ion .112
The actual ca lculation of A 'nm from (IV-C.24) using the 
marginal s tab i l i ty  equation (IV-C.15) is com plica ted113 and 
w il l  be d iscu ssed  fu r th e r  in th e  c h a p te r  on num erica l  
methods. The com plications occur near the  ra t iona l  su r face  
r= rn m , which is a regular  s ingular  point of the  marginal  
s tab il i ty  equation. Let us define the dimensionless coordinate
y = <r “ rnm)/ r nm (IV-C.29)
and the  function
♦ n m W  = XnnA). (IV-C.30)
, 1 2 H. P. Furth  In W. I. Fu t te rm an ,  P r o p a g a t i o n  and I n s t a b i l i t i e s  In 
P l a s m a s ,  (Stanford  Univ. P ress ,  Stanford,  Calif., 1963), p. 87.
1 , 3 H. P. Furth ,  P. H. Rutherford ,  and H. Selberg ,  Phys. Fluids 1 6 ,  1054 
(1973).
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Then, in th e  v ic inity  of the  ra t iona l  surface ,  the  marginal 
s tab i l i ty  equation (IV-C.15) reduces to
d 2 4 W d U 2  =  ♦ n m -  (IV-C.31)
where the  dimensionless coeff ic ien t
K = R0 Kdjj/drJ/Cdi/dr)] | r=r[lm. (IV-C.32)
The leading behavior  of a Frobenius s e r i e s  so lu t ion  to  
equation (IV-C.31) i s 114*115
$nm = 1 + k y l n | y |  + -  , (IV-C.33)
which is a perfectly well-behaved function of y. However, the  
der iva t ive  d $ nm/dy of (IV-C.33) diverges a t  y=0, which is 
d if f icu lt  to  model on a computer.
114C. M. Bender and S. A. Orszag, A dvanced  M a t h e m a t i c a l  M ethods  f o r  
S c i e n t i s t s  and E n g i n e e r s ,  (McGraw-Hill,  New York, 1978),  pp. 6 8 -76 .
115E. Kreyszlg,  A dvanced  E ng inee r ing  M a t h e m a t i c s ,  (Wiley, New York, 
1979),  pp. 164-174 .
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Sect ion  IV-D. Magnetic Island Growth
The so-called  del ta-prim e analysts  discussed in the  last 
section is also important for  determining the  growth r a t e  of 
tokamak tear ing  modes, a t  leas t  for tear ing  modes with 
poloidal mode numbers m>2. The m=1 tear ing  mode is a 
specia l  case ,  which we d iscuss  l a t e r  in th i s  section.  We 
begin th i s  sec t ion  with  a d iscuss ion  of th e  re la t ionship  
be tw een  A 'nm and the non-l inear  growth of the tearing 
modes with  m>2. We are in teres ted  in the non-linear or so- 
called Rutherford regime116 of tearing mode growth because 
our u l t im a te  goal is to  de termine the  sa tu ra ted  o r  t im e-  
s ta t io n a ry  w id ths  w nm of magnetic islands. In fac t ,  the 
init ial l inear growth period117 of the  m>2 tearing mode is of 
negligible extent,  and thus can be safely neglected.
We give a heuris t ic  derivation of the tearing mode island 
growth equation. Firs t ,  from the s tabil i ty  equation (IV-C.15), 
w e  remark tha t  tea r ing  mode growth  is  driven by the 
magnetic f ree  energy in the  gradient djjt/dr of the parallel  
cu r ren t  d i s t r ib u t io n .  The s ta b i l i ty  fac to r  A 'n m , which 
depends only on the  shape of the curren t  profile,  the re fo re
116P. H. Rutherford,  Phys. Fluids 1 6 ,  1903 (1973).
117H. P. Furth,  J.  Killeen, and M. N. Rosenbluth, Phys. Fluids 6 ,  459 (1963).
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will  f igure prominently into the  island growth equation. In 
the  non-linear Rutherford regime, island growth is l imited by 
r e s i s t i v e  d if fus ion .  Then, s ince  th e  is land w id th  wnm of 
equation (IV-B.36) is proportional to  the  square -roo t  of the  
radial magnetic perturbation Brnm, the growth of a magnetic 
island can crudely be modeled by a diffusion equation ,118
aBrnm/e t  » ( n c 2 /4Tt) e 2Brnm/ e r 2 . ( iv -d . i  )
In tegra t ing  (IV-D.1) across  the  magnetic  island, assuming 
tha t  Brnm is fairly constant across  the island region, we find
Brnm"^ w nm (dBrnm/d t )  ~ ( t ic2 /4 t t )  A ‘nm, (IV-D.2)
w h ere  A 'nm is given by (IV-C.24) and all  q u an t i t ie s  a re  
evaluated a t  r=rnm. Using wnmocBm m 1 / 2 , we then have
dwnm/ d t  « (t \ c 2 / 4t 0  A 'nm. (IV-D.3)
That is, in the  non-l inear  Rutherford regime, is lands grow 
linearly with  time, with a growth ra te  proportional to  A*nm,
1 , a J .  A. Wesson, T o k a m a k s ,  (Clarendon P re s s ,  Oxford, 1907),  p. 170.
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which represen ts  the  s trength  of the  tearing instabil i ty .  In 
fact ,  a much more accura te  ca lculation of Boozer119 which 
equates the  magnetic energy SWnm of equation (IV-C.28) with 
the  energy dissipated in a magnetic island shows that
dwnm/d t  = 1.28 ( n c 2/4Tt) A'nm. (IV-D.4)
Again, we see tha t  a A 'nm>0 indicates growth of a tearing 
instabil i ty .  We adopt equation (IV-D.4) as our magnetic island 
growth model. Note from (IV-D.4) tha t  the condition
A ’nm = 0 (IV-D.5)
implies the  sa tura t ion  of the  (n,m) magnetic island growth. 
Equation (IV-D.5) is also re ferred  to  as the  condit ion of 
marginal tearing mode s tab i l i ty .  As we shall see, a typical 
s ize  wnm for a large m>2 tokamak magnetic island is on the 
order of 10% of the plasma minor radius.
As previously mentioned, the m=1 tear ing  mode is a 
special case ,  and differs  qualitatively from modes with m>2. 
The difference a r ise s  because for m=1 there is a marginally
1, 9 A. H. Boozer, Phys. Fluids 2 7 ,  2055  (1984).
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s tab le  internal ideal MHD current mode, whereas all internal 
kinks with m>2 are positively MHD stable, to  lowest order in 
inverse aspect ratio .  In order to  derive this result ,  w e define 
the  (n,m) radial plasma displacement £ rnm as
£ rnm = ~jCpm/[2TtrBg(i.- n/m)]. (IV- D.6)
A direct subst i tu t ion  of (IV-D.6) into the marginal s tab i l i ty  
equation (IV-C.15) shows tha t  a solution Xnl to  this equation 
can be obtained if we take the m=1 tr ia l  function
£ rn i = constant,  r < r n ^
0, r > r n l . (IV-D.7)
The solution Xn1 formed from (IV-D.6) and (IV-D.7) is  valid 
for arbitrary current distribution ji. The vanishing of ^n1 at 
the  rational surface rn i indicates marginal tokamak s tabil i ty  
aga ins t  an m=1 ideal kink or  sh i f t  in the posit ion of the 
magnetic axis. In the tokamak, the  important m=1 poloidal 
mode has to ro ida l  mode number n=1. A higher order  
ca lcu la t io n 120 in the inverse aspect ratio  then shows tha t  a
120f1. N. Rosenbluth,  R. Y. Dagazlan, and P. H. Rutherford, Phys. F lu ids  16,  
1894 (1973).
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(1,1)  c u r r e n t  dr iven in s t a b i l i ty  e x i s t s  if  th e  c e n t r a l  
t r a n s fo rm  ig > 1 .  Equivalently, s ince  th e  e x p e r im en te rs  
usually characte r ize  the ir  discharges by the safety factor
q = 1 / i ,  (IV-D.8)
a (1,1) tokamak current  instabil i ty ex is ts  unless the centra l  
safety factor  q g > l  (hence the name safety factor).
The l im ita t ions  imposed by the (1,1) tearing mode have 
very im p o r ta n t  im p l ic a t io n s  for  tokam ak m a g n e t i c  
confinement.  First ,  from (IV-C.17) and (IV-C.18), the  centra l  
current density jg is rela ted to  the central transform i g  by
jg  = 2 (C/4TT) (Bg/Rg) Ig .  (IV-D.9)
The l im ita t ion  ig<1 and technological co n s t ra in ts  l imiting 
the  maximum toroidal magnetic field Bg then set  an upper 
l im i t  on th e  tokamak to ro id a l  c u r r e n t .  T h e o re t i c a l  
calculations show tha t  this  limiting toroidal current can only 
heat a plasma to  several keV.121 This means tha t  it  will be 
quite diff icult ,  perhaps even impossible, to  ignite a tokamak
,21J. A. Wesson, T o k a m a k s ,  (Clarendon P ress ,  Oxford, 1987), p. 116.
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plasma by Ohmic heating (I1I-C.16) alone. As a r e s u l t ,  
tokamak r e a c to r s  w il l  probably requ ire  some form of 
auxiliary heating such as neutral beams or rf  power.
Next, Ohmically heated tokamaks have an inherent 
tendency to  channel current into the cen te r  of the plasma, 
thus exciting the (1,1) tearing mode. That is, for a constant  
loop v o l ta g e  and c e n t r a l  t r a n s fo rm  I q < 1. w e  have 
P o h m ^ T e ^ 2 * which means that  a hot plasma cen ter  becomes 
even ho t te r ,  and more curren t  is thus channelled in to the  
plasma in te r io r .  This phenomenon is ca l led  the  tokamak 
plasma “therm al  in s tab i l i ty ."  When the  cen t ra l  cu r ren t  
density jo  is so great  that  the centra l  t ransform i o > 1. the
(1,1) current instabil i ty can occur. In fact, if we assume that  
the  cen tra l  t ransform is l imited to  t o * 1 due to  the (1,1) 
tearing mode instabil i ty,  the plasma Ohmic heating scales  as 
p OhmocTe " 3 / 2 ' which explains the diff iculty  of bringing a 
tokamak plasma to ignition by Ohmic heating alone.
A very famous explanation of the  behavior of the  m=1 
to k am ak  t e a r i n g  i n s t a b i l i t y  has  b e e n  g iven  by 
Kadomtsev.122,123 In the  Kadomtsev model, the  m=1 tearing
,22B. B. Kadomtsev,  Sov. J .  P lasma Phys. 1, 389,  (1975).
,23B. B. Kadomtsev In P l a s m a  P h y s i c s  and C o n t ro l l e d  N u c le a r  Fus ion  
R e s e a r c h  1 9 7 6 ,  (IAEA, Vienna, 1977), Vol. 1, p. 555.
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in s tab i l i ty  is  described by a p rocess  of flux reconnection. 
The model begins with  the thermal ins tabil i ty ,  which causes 
the  cen tra l  safe ty  fac to r  qg to  drop. When q o < 1 . 0 ,  the  ( 1 , 1 )  
tear ing  mode instabil i ty  is excited. The m=l tearing process 
causes  the field lines of the  in te r ior  magnetic field to  te a r  
and reconnect on the  sca le  r j  j of the  posi t ion of the  m=1 
resonant surface .  The plasma current  inside the region r<r^ 1 
w h ere  q<l then becomes r e d i s t r ib u te d ,  and th e  c u r re n t  
profi le  ji in the plasma cen te r  f la t t e n s  on the  sca le  of r j  ] .  
As th e  cu r ren t  p rof i le  f la t t e n s ,  the  ce n t ra l  sa fe ty  fac to r  
increases ,  until  a t im e  when q o > l .  Then the  whole process 
rap id ly  r e p e a t s  i t s e l f ,  c r e a t in g  a s o - c a l l e d  tokamak 
"sawtooth oscillation." Numerical s im ula t ions124 and tokamak 
ex p e r im e n ts 125 give some credence to  the  Kadomtsev model 
of t h e  tokamak s a w t o o th  o s c i l l a t i o n .  However,  some 
dev ia t ion  from th e  Kadomtsev model has  rec e n t ly  been 
repor ted .126 Interestingly, the  magnetic reconnection process 
in th e  tokamak cen te r  described by Kadomtsev is not unlike 
tha t  of the solar  f lares  discussed in section IV-A.
124B. V. Waddell,  M. N. Rosenbluth,  D. A. Monticel lo,  and R. B. White,  Nuc. 
Fusion 16,  528  (1976).
125S. von Goeler , W. S todlek,  and N. Sau thof f ,  Phys. Rev. Lett .  3 3 ,  1201 
(1974).
126H. Sol tw lsch ,  Rev. Scl. Instrum. 5 9 ,  1599 (1988).
CHAPTER V. MEAN-FIELD THEORY
Sect ion  V-A. Magnetic Helicity
Consider a plasma magnetic  f ie ld  w ith  a magnetic  
Hamiltonian X(^.0 .iP) su°h as (IV-B.1). Obviously, if one takes 
in to  account the  e f f e c t s  of tea r ing  modes, a com ple te  
topological description of the evolution of the exact magnetic 
f ie ld  w i th  the  func t ion  X (^ .0 .<P) is  highly complex. 
Fortunately,  however, the magnetic f ields assoc ia ted  with  
fusion plasmas, such as tokamak magnetic fields, frequently 
exhibit  sm a l l - sca le  MHD fluctuations about some la rge-scale  
o r  mean magnetic field. This is important because the  field 
lines of the la rge-sca le  or mean magnetic field can lie in a 
s e t  of good toroidal magnetic surfaces  assoc ia ted  with an 
in tegrable  Hamiltonian jCqW .  Because integrable  magnetic 
field are relatively easy to handle, we are very in te res ted  in 
a se t  of equations which describe the t im e  evolution of the  
l a rg e - s c a le  or mean m agnet ic  f i e ld .127 Of course ,  the  
usefulness of such equations will  depend upon the simplicity
127M. Steertbeck,  F. Krause,  and K.- H. Radler , Z. Naturfosch.  A 2 1 ,  369  
(1966).
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with which the e f fec ts  of the sm all-sca le  fluctuations on the 
la rge-scale  f ields can be incorporated into the theory and the 
ex ten t  to  which the  conservat ion  proper t ies  of the  exact 
description survive in the mean-field theory. In th is  chapter, 
we examine some of the properties of mean magnetic fields.
The most important conservation property of any mean- 
field theory concerns the plasma magnetic helicity (I-D.1). In 
fact ,  a general helicity integral H of the form128
H = jX (V *X )d3x (V-A.1)
can be associa ted with the topological properties of the field 
l ines  of any d iv e rg en ce- f ree  vec to r  f ield VxX. For the 
divergence-free magnetic field B, the field X is replaced by 
th e  v ec to r  po ten t ia l  A of equation ( I I I -A .l ) .  Then the  
magnetic helicity K reduces to
K = /A*(VxA)d3x = jA*Bd3x, (V-A.2)
which is ju s t  (I-D.1). Another well-known example of a
helicity integral is the fluid helicity
,20J. J.  Moreau, C. R. Acad. Scl. P a r i s  2 5 2 ,  2810  (1961).
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I = Ju -(V xu)d3x = Ju-6>d3x, (V-A.3)
where  the  vor t ic i ty  6) = Vxt>. The magnetic hel ic i ty  K of 
equation (V-A.2) measures  the  s t ru c tu ra l  o r  topological 
complexity of the  magnetic field B.129
We i l l u s t r a t e  the  topological nature of the  hel ic i ty  
integral K by a simple example.130 Firs t ,  define the magnetic 
flux $  crossing a simply-connected surface S as
$ = JgB-dS = £ c A-d*, (V-A.4)
where the line integral is along the curve C which is spanned 
by the  su rface  S. Now, suppose th a t  the magnetic field B 
vanishes everywhere  except inside tw o  singly linked flux 
tube rings, each with a right-hand orientation, one occupying 
a volume Vi following a closed curved and the  o ther  
occupying a volume V2 following a closed curve Cj. If we use 
the definit ion of the flux (V-A.4), the  quantity Bd3x may be 
replaced by <1>-j dA. along Cj and and by 4>2dJL along C2 . From
129M. A. Berger and 6. B. Field, J .  Fluid Mech. 147 ,  133 (1984).
, 3 0 H. K. M of fa t t ,  M a g n e t i c  F i e l d  G e n e r a t i o n  In E l e c t r i c a l l y  
Conducting F lu ids ,  (Cambridge Univ. Pr., Cambridge, 1978),  pp. 13-17.
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the  definit ion of the magnetic  hel ic i ty  (V-A.2), th is  means 
tha t  for singly linked flux tubes
Kj = A*Bd3x = A -d i  = 4>i <1>2 (V-A.5)
and
k 2 = / v 2 A'Bd3x = 4,2 # C2A*dA = (V-A.6)
In fact ,  if the flux tubes $1 and $2  each other  N t im es ,  
w e  have
Kt = K2 = ±N $ 2 » (V-A.7)
where the  ± r e fe r s  to th e  re la t iv e  o r ien ta t ion  or handedness
of the  magnetic fluxes. The helicity in tegra ls  Kj and K2 and
the  to ta l  magnetic helicity
K = * K2 = ±2N 4>!<l>2 (V-A.8)
a r e  t h e r e f o r e  in t im a te ly  connec ted  to  t h e  topo log ica l
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invariant N. We see tha t  the  quantity K is a m easure  of the  
intertwining of the tw o  magnetic fluxes 4>] and 4>2-
One important,  but subtle  issue  raised by the  definit ion 
(V-A.2) for th e  he l ic i ty  in tegra l  concerns the  question of 
gauge invariance. A gauge t r a n s fo rm a t io n 131 of the  vector 
potential,
A A + VG, (V-A.9)
where  G is th e  gauge function, causes  a change AK in the 
helicity integral
AK = JB-VGd3X = jV-(GB)d3X = JgGB-dS. (V-A.10)
The h e l ic i ty  in te g ra l  (V-A.2) w i l l  t h e r e f o r e  be gauge 
invariant only if the bounding surface  S is a magnetic surface 
or if  the  volume of in tegration is over all space. Although it  
w il l  not a f f e c t  our  c a lcu la t io n s ,  a b e t t e r  de f in i t ion  of 
magnetic helicity turns out to  be132*133
t 3 , J .  D. Jackson ,  C l a s s i c a l  E l e c t r o d y n a m i c s ,  ( Wiley, New Vork, 1975), 
p. 176.
, 3 2 M. Bevl r  and J .  Gray in H. R. Lewis and R. A. Gerwln,  P r o c e e d i n g s  of  
t h e  R e v e r s e d  F i e l d  P in c h  Theo ry  Workshop,  (LANL, Los Alamos,  N. M., 
1981), Vol. Ill, p. A-3.
133A. H. Boozer, Phys. Fluids 2 9 ,  4 1 2 3  (1986).
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K0 = JA-Bd3 x - (£A-da0)(£A-dA<p). (V-A.11)
The h e l ic i ty  co n te n t  Kq is  the  proper  de f in i t ion  of th e  
hel ic i ty  contained in an arb i t ra ry ,  t im e-dependent ,  bounded 
region of  space, provided the gauge is chosen correc t ly .  Using 
the  r e la t io n  (III-A.1) and th e  r e p re se n ta t io n  (1II-A.2) to  
obtain the  expression for the  vector potential
A = v/fV(e/2Tt) -  XV(<p/2Tt), (V-A.12)
one can  show directly  from (V-A.11) or, assuming a bounding 
magnetic surface, from (V-A.2) tha t
<0 r  2 /W b -  XWd(e/27T)d(<|>/2Tt), (V-A.13)
where  -Xb is the  boundary value of the  poloidal flux. For a 
m e a n - f ie ld  Hamiltonian  of  th e  form X =X W  alone, th e  
helicity  content therefore  has the simple form
Ko = 2/CXb -  X W (V -A .14)
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That is ,  the  hel ic i ty  r ep re se n ts  th e  in te r tw in ing  of the  
poloidal and the  toroidal magnetic fluxes.
Magnetic hel ici ty  was  f i r s t  introduced into plasma 
physics within the context of astrophysical applications and 
ideal MHD theory .134,135 Recall th e  ideal MHD equation of 
motion (IV-A.3). From the vector  potentia l  rep resen ta t ion  
(1II-A.1) and a proper cho ice  of gauge, th is  equation is 
equivalent to
6 A /e t  = Ux(VxA), (V-A.15)
which implies tha t  in ideal MHD
(VxA)*dA/at = 0. (V-A.16)
Using the  definit ion of the helicity (V-A.2), the  ideal MHD 
condition (V-A.16), and integrating by parts ,  we have
dK/dt = J vA-(VxeA/et)d3x
= f  , (VxA)-6A/etd3x - f  (AxdA/6t)-dS = 0, (V-A.17) v s
,34W. M. Elsasser, Rev. Mod. Phys. 2 8 ,  135 (1956).
,3SL  Wolt jer ,  Proc. Not. Aco. Set. USA 44 ,  489  (1958).
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where the  surface  integral vanishes if we consider a closed 
sys tem . That is ,  the m agnetic  he l ic i ty  is an ideal MHD 
invariant .  This is  really not suprising, s ince  topological 
p roper t ies  of the  magnetic f ie ld  a re  fixed in ideal MHD, 
according to  Alfven's theorem (IV-A.4). In fact,  Taylor136,137 
has shown tha t  if  a plasma has a se t  of magnetic surfaces,  
then the  d i f fe ren t ia l  ideal MHD cons tra in t  (IV-A.3) can be 
replaced by an infinite s e t  of helicity integrals ,  one for each 
magnetic surface of constant The exis tence of the integral 
form for the  ideal MHD cons tra in t  is important because it 
al lows one to  t r e a t  the motion of magnetic f ields from a 
v a r ia t io n a l  pr incip le .  For example,  because  of plasma 
s tab i l i ty  cons idera t ions ,  we a re  frequently in te re s ted  in 
magnetic fields which possess  the minimum value of the 
magnetic energy (1V-C.3). Using the helicity cons tra in t ,  we 
can then minimize the magnetic energy, surface  by surface, 
via the variational principle
S[Jy(V*AMVxA)d3x - Ji(\fO/^A-(VxA)d3x] = 0. (V-A.18)
,36J. B. Taylor ,  Phys. Rev. Lett.  3 3 ,  1139 (1974).
,37J .  B. Taylor ,  Rev. Mod. Phys. 5 8 ,  741 (1986).
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w h ere  ]i(VO is the  Lagrange m u l t ip l ie r  for  the  m agnet ic  
surface  ty. S tra ightforward  manipulations of (V-A.18) lead to  
the  fo rce - f ree  plasma equation
VxB = jifvfOB, (V-A.19)
which is ju s t  Ampere's law (II-A.23) with ji(\J0 the  paral lel  
c u r r e n t  d i s t r ib u t io n  (III-C.2). Again, th i s  is  rea l ly  not 
supr is ing ,  s ince  the  magnetic  force  j x B /c  vanishes for a 
f o rc e - f r e e  plasma if the  magnetic  field produces no more 
plasma motions.
As was pointed out in sect ion  IV-A, however, th e  ideal 
MHD cons tra in t  is actually not a very rea l i s t i c  one. This point 
was  made explicitly by Taylor138 in his famous paper on the 
Reversed Field Pinch (RFP). The RFP139 is a toroidal magnetic 
confinement configuration in which the  magnetic field ra t io  
B(p/B0 «O(1), thus allowing for ef f ic ien t ,  high 3 operat ion of 
the  RFP device. A m ajor  drawback of the RFP configuration, 
however, is tha t  the  rela t ively  small  value for  the toroidal 
,30J.  B. Taylor,  Phys. Rev. Lett.  3 3 ,  1139 (1974).
, 3 9 D. A. Baker and W. E. Quinn In E. Tel le r ,  F u s io n ,  (Academic P re s s ,  New 
York, 1901),  pp. 4 3 7 -475 .
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magnetic  f ie ld  B<p causes  the  RFP plasma to  have a highly 
tu rbu len t  c h a ra c te r .  Because of the  e f f e c t s  f in i te  plasma 
re s i s t iv i ty  and tearing modes. Taylor therefore  argued tha t  i t  
made no sense  to  suggest  tha t  an in f in i te  s e t  of hel ic i ty  
c o n s t r a i n t s  e x i s t s  in th e  RFP. That is ,  th e  many sm all  
changes in the optimal RFP magnetic field caused by tearing 
modes lead to  f in i te  changes in the  magnetic field topology. 
However, Taylor a lso  argued tha t ,  s ince th e  changes in th e  
magnetic  f ield are  small ,  the  sum JA-Bd3x in tegra ted  over 
the  e n t i r e  plasma wil l  a lm ost  be unchanged. That is, th e  
e f f e c t  of th e  topological changes is merely to  r e d is t r ib u te  
the  hel ici ty  integrand among the magnetic field l ines.  Thus 
the  to ta l  plasma magnetic helicity  K will  s t i l l  be a good RFP 
invariant.
If w e  repea t  the  varia t ional  procedure (V-A.18), now 
minimizing the  magnetic energy subjec t  to  the  single  Taylor 
to ta l  helicity  cons tra in t ,  w e  find
VxB = jiB. (V-A.20)
w here  the  paral lel  curren t  d is t r ibu t ion  ji is now a cons tan t  
ac ross  the  plasma minor radius. So Taylor 's  he l ic i ty  theory
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leads to  the  same conclusion as tha t  of the previous chapter  
on tearing modes. That is, tearing modes allow th e  plasma to 
ac ce s s  low er  s t a t e s  of m agnet ic  energy by re leas ing  the  
energy of the  magnetic  f ie ld  tha t  is  a s so c ia ted  w ith  the  
l a rg e - s c a le  g rad ien t  of th e  para l le l  cu r ren t ,  d;i/dvjf. The 
fo rm a t io n  of m agne t ic  i s l an d s  and the  d e s t r u c t io n  of 
m agnet ic  su r fa ce s  th e re fo re  leads to  a f la t ten ing  of the  
parallel  curren t  profile  jityr).
Because of the  highly turbulent na ture  of th e  RFP, the 
minimum energy, cons tan t  ji Taylor s t a t e  gives a reasonable 
d e sc r ip t io n  of ac tua l  RFP d ischa rges .  Tokamak p lasm as ,  
however, a re  much more s ta b le  to  tear ing  modes than RFP 
p lasmas,  and the re fo re  do not relax to  the minimum energy 
Taylor s ta te .  In fact ,  the plasma cu rren t  d is t r ibut ion  ji in a 
tokamak is normally far  from uniform with  a s trong peak in 
th e  plasma cen te r .  Nevertheless ,  although th e  tokamak is 
suff ic ien t ly  s tab le  to  tearing modes th a t  the cu r ren t  p rofi le  
is  generally  quite  peaked, i t  is  not f ree  of tea r ing  mode 
ac t iv i ty .  As we have previously mentioned, tea r ing  modes 
tend to a r i s e  when the  tokamak curren t  profile is hollow or 
too s teep. In the  tokamak, the  e f fec t  of tearing modes is to 
locally f l a t t e n  the  cu r ren t  profi le ,  reducing th e  magnetic
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energy while holding the helicity almost constant.
Sec t ion  V-B. Mean-field Ohm’s Law
In th is  section we discuss Ohm's law for mean magnetic 
fields. Our mean-field theory derives from what we will call 
t h e  h e l ic i ty  co n se rv a t io n  th e o re m .140,141 Briefly,  the  
he l ic i ty  conserva t ion  theorem s t a t e s  th a t  if  e i t h e r  the  
plasma magnetic hel ic i ty  (V-A.2) o r  the plasma magnetic 
energy (1V-C.3) is diss ipated at an enhanced r a t e  due to  a 
fluctuating or turbulent magnetic field, then the  enhancement 
of th e  hel ic i ty  d iss ipa t ion  is much le ss  than the  energy 
diss ipation. That is, the helicity  is by far the most robust 
invar ian t  in a tu rbu len t  p lasma. Because of th e  g rea t  
importance of th is  theorem to  our research,  we begin th is  
section with a ra ther  detailed proof of it.
F irs t ,  as is well-known, the internal  d iss ipa t ion  of 
energy dW/dt in a plasma is
dW/dt = -/E*jd3x. (V-B.1)
, 40M. A. Berger,  Geophys. Astrophys. Fluid Dyn. 3 0 ,  79 (1984).
141 A. H. Boozer, J.  P lasma Phys. 3 5 ,  133 (1986).
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From (V-A.17) i t  is  a lso  s t ra ig h t fo rw ard  to  show tha t  the  
internal ra te  of helicity diss ipation dK/dt is
dK/dt = -2cJ"E-Bd3x. (V-B.2)
We assum e tha t  the plasma is fo rce - f ree  and define a se t  of 
c h a r a c t e r i s t i c  d is s ip a t io n  r a t e s  dWc / d t  and dKc / d t .  The 
c h a r a c t e r i s t i c  d is s ipa t ion  r a t e s  are  defined so t h a t  they 
would be the  exact  d isspation  r a te s  (V-B.1) and (V-B.2), if 
th e  cu r ren t  in the  plasma w ere  j= ( j | j /B )B ,  w i th  ( j | | /B )  a 
cons tan t .  Using the generalized Ohm's law (1I-A.3), w e find
dWc / d t  = - J n j * j d 3x = -( j j , /B)2/TiB2d3X (V-B.3)
and
dKc / d t  = -2c/Tij*Bd3X = -2 c ( j | , /B )Jn B 2 d3X. (V-B.4)
Also, the  c h a r a c te r i s t i c  energy Wc and the  he l ic i ty  Kc are  
re la ted  by
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Wc = (1/8Tt)/B2 d3x « (1/2c)JA*jd3x
= (1/2c)(j„/B)JA-Bd3X = (1 /2c)( j j | /B)  Kc . (V-B.5)
Equations (V-B.3) and (V-B.4) can therefore be rew r i t ten  as
dWc / d t  = -4 c 2 (Wc /Kc )2/ i \ B 2 d3x (V-B.6)
and
dKc / d t  = -(Kc /Wc ) dWc/d t .  (V-B.7)
Or, combining (V-B.6) and (V-B.7),
J r \B 2d3x = - 0 / 4 c 2 )(dKc/d t ) 2 /(dWc /d t) .  (V-B.8)
Now, for any tw o  square  in tegrable  functions f(x) and g(x), 
the Cauchy-Schwarz inequali ty142 s ta te s  tha t
( J f2 d3x)(/g2 d3x) > (Jfgd3x)2 . (V-B.9)
Choosing
142J .  Mathews and R. L. Walker ,  M a t h e m a t i c a l  M e th o d s  o f  P h y s i c s ,  
(Benjamln/Cummlngs,  Menlo Park, Calif., 1970), p. 165.
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f = n 1 /2 B
and
g =n1/2j[i.
we have
(V-B.10)
(V-B.l 1)
(/7\B2d3x)(/Tij2 d3x) > (jTij-Bd3x)2 . (V-B.12)
Finally, combining (V-B.l), (V-B.2), (V-B.8) and (V-B.12), we 
derive the  desired inequality,
(dW/dt)/(dWc /d t)  > [(dK/dt)/(dKc /d t)]2 . (V-B.13)
Note the  ex t rem e generality of the  r e su l t  (V -B .l3), as it 
depends only on the  fo rce- f ree  assumption and the  Cauchy- 
Schwarz inequality. As mentioned in the Introduction, we are 
building our mean-f ie ld  theory on a very firm foundation 
indeed.
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The meaning of the  inequality (V-B.13) can be understood 
as fo l lows.  F irs t ,  if  the  cu rren t  has a s imple form in the  
plasma, then the  helicity and the  magnetic energy evolve on 
the same c h a rac te r i s t ic  t im e sca le  of equation (IN-C.15). 
However, if the current  is highly spikey or  turbulent,  then the 
magnetic  energy can be d iss ipated  a t  an enhanced r a t e  on a 
t im e  sca le  z ^ ,  where ^ w <<-cX* From the  ine(lual^ y  (V-B.13), 
th e  enhancement of the  hel ic i ty  d is s ip a t io n  r a t e  due to  
turbulent f ields is then on a t im e scale  z^,  where
*W- (V-B.14)
The enhancement of the  hel ic i ty  d is s ipa t ion  is  th e re fo re  
much le ss  than the  energy diss ipation.  From the  expressions 
for th e  d iss ipa t ion  r a t e s  (V-B.3) and (V-B.4), t h i s  makes 
in tu i t ive  sense, since a turbulent curren t  density j averages 
away in the hel ic i ty  d iss ipat ion  ra te ,  but a spikey curren t  
enhances the the  energy diss ipation r a te  through the  j 2 term.
Consider now an Ohm's law for the  mean magnetic  field. 
As pointed out in the sec t ion  on kinetic  theory, an averaging 
procedure  can in troduce new te rm s  in to  Ohm's law. The 
importance of the  helicity conservation theorem is  tha t  the
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requirement tha t  the fluctuating magnetic fields not increase 
the  overall  r a te  of helicity dissipation in the plasma uniquely 
determ ines  the form of th e  mean-field Ohm's law. From a 
d e t a i l e d  a rgument,  B o o z e r143 has shown t h a t  h e l ic i ty  
conservation requires the mean-field Ohm's law to take the  
simple form
E + UxB/c = n J  " (B/B2 )V-EXVCj||/B)], (V-B.15)
where t h e  function X(x,t) is  a new posit ive parameter  which 
has the form of a current v iscos i ty144 and models the e f f e c t  
of topology a l ter ing  magnetic  f luctuations.  We emphasize  
th a t  the field B of (V-B.15) is now the  mean magnetic field. 
The evolu tion  of the m ean - f ie ld  m agnet ic  Hamiltonian 
is then given by th e  parallel par t  of th e  mean-field 
Ohm's law (V-B.15),
E-B = nj*B - V*[XV(j | |/B)]. (V-B.l 6)
Combining the parallel  Ohm's law (V-B.16) and the  internal 
he l ic i ty  d iss ipat ion  ra te  (V-B.2), w e  see  t h a t  a volume
143A. H. Boozer, J. P lasma Phys. 3 5 ,  133 (1986).
,44J. Schmidt  and S. Yoshlkawa, Phys. Rev. Lett. 2 6 ,  753 (1971).
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integration of the  contribution of the  fluctuating f ields  to 
the helicity diss ipation ra te  reduces to  a surface integral.
dK/dt = -2cfTU-Bd3x - Jh-dS, (V-B.l7)
where
h = -2cXV(j i,/B) (V-B.l 8)
is the  hel ici ty  flux due to the  f luctuating f ie lds .  In our 
m ean-f ie ld  theory,  the re fo re ,  j u s t  as in Taylor’s theory, 
turbulent magnetic f ields have the e f fec t  of red is t r ibut ing  
magnetic  he l ic i ty  throughout the  plasma. If the  turbulent 
he l ic i ty  flux h=0 on the  plasma boundary, then  the  to ta l  
magnetic helicity of the plasma is conserved. This is the  real 
significance of the  Boozer form for the plasma Ohm's law.
A b e t te r  understanding of the  e f fec t  of the  new current 
v iscosi ty  te rm  in Ohm’s law (V-B.l 6) can be obtained by 
using the  s t r a ig h t  cy l indrica l  tokamak approximation of 
sec t ion  III-C. Performing the  asymptotic  expansions in the 
inverse  aspec t  r a t io  e=a/Rg, we find the fourth order,
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parabolic partial differential equation
e x / d t  = ( n c 2 /4TC) V2 X - V-[(Xc2 /4TtB02 )V(V2 X)] <V-B.19)
for the  evolution of the  magnetic poloidal flux -X(r.t) .  Note 
t h a t  th e  topology a l t e r in g  t e rm  involving th e  c u r r e n t  
v iscosity  X(r,t) is a V 4 X diffusion of the  magnetic flux and 
is the  highest  spat ia l  derivative in (V -B .19) .  Recall from the  
sec t ion  on ideal MHD theory th a t  a l te ra t ions  in topology a re  
a lw a y s  modeled by th e  h ig h e s t  s p a t i a l  d e r iv a t iv e s  in 
evolution equations. From the mean-fie ld  Ohm's law (V-B.19) ,  
i t  is s t ra igh tfo rw ard  to  show tha t  the  general e f fec t  of the  
pa ram e te r  X is  to  prevent  th e  la rg e - s c a le  cu r ren t  p ro f i le  
ji=(1 /2TtR gB g)V 2 X from changing on a spa t ia l  sca le  sh o r te r  
than
A2 = X /n B g 2 , (V-B.20)
thus locally flattening ji over the scale length £.145,146 
we shall see, the current v iscosity  X is large in regions of
, 4 5 A. H. Boozer, J .  P lasma Phys. 3 5 ,  133 (1986).
>46*/.  F. A m es ,  N u m e r i c a l  M e t h o d s  f o r  P a r t i a l  D i f f e r e n t i a l  
E q u a t i o n s ,  (Barnes & Noble, New york, 1983),  pp. 2 3 4 - 2 3 8 .
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s ign i f ican t  tea r ing  mode ac t iv i ty .  In fact ,  if  x » T i B o 2 a 2 , 
where a is the  plasma minor radius,  then the  e f f e c t  of the 
cu r ren t  v iscos i ty  te rm  is to  make the  para l le l  cu r ren t  ji 
nearly uniform across  the  e n t i r e  plasma minor radius.  For a 
highly tu rbu len t  plasma our  m ean -f ie ld  theory  th e re fo re  
reproduces the Taylor s t a t e  with constant \i.
S ec t ion  V-C. Current V iscos i ty
In th is  sec t ion  we p resen t  physical arguments for  the 
form of  the  c u r r e n t  v isco s i ty  X(r,t) , if th e  s m a l l - s c a le  
magnetic f luctuations are  due to tearing modes. We consider  
the  c a s e  where tear ing  ac t iv i ty  leads to  th e  formation of 
m agne t ic  is lands .  Two d i f fe re n t  kinds of a rgum ents  are  
given. F irs t ,  w e  give an argument based on th e  theory of 
weak turbulence,  or quas i l inear  theory .147 Next, we give a 
de ta i led  k ine t ic  argument u t i l iz ing  the  magnetic  d iffusion 
c o e f f i c i e n t  Dm of s e c t io n  IV-B. As we shall  see,  both 
arguments yield the  resu l t  tha t  the  sca le  length for current  
f la t ten in g  4 of equation (V-B.20) is  on th e  order  of the  
m agnetic  island width w nm of equation {IV-B.36), a r e su l t
147N. A. Krall and A. W. T r lv e lp le ce ,  P r i n c i p l e s  of  P l a s m a  P h y s i c s ,  
(McGraw-Hill,  New York, 1973), pp. 5 1 2 -520 .
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which certainly makes intuitive sense.
Our quas i l inear  ca lcu la t ion  of X is performed by 
comparing the local energy diss ipation ra te s  from the tw o  
Ohm's laws (I1-A.3) and (V-B.15). Forming the vector  product 
of the mean-field Ohm's law (V-B.15) and the current density 
j=(jj|/B)B, we can show that the  mean power Pfiuc dissipated 
by the sm all-sca le  magnetic fluctuations i s 148
On the  o ther  hand, using the generalized Ohm's law (II-A.3), 
the mean power dissipated by the  fluctuations is
where <f*1> is th e  m ean-square  f luctuating f ie ld  curren t  
density. Using (JV-C.15) and (IV-C.21), w e  can show that
(V-C.1)
pnuc = n<P1>. (V-C.2)
< n >  « Z nrn< irnm 2 >Bo2 tV (j |l/B0 )]2, (V-C.3)
w h ere  £ rn m  is t h e  (n.m) Fourier  mode rad ia l  plasma
148A. H. Boozer, J. P lasma Phys. 3 5 ,  133 (1986).
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displacement (IV-D.6). Then comparing (V-C.1) and (V-C.2), 
using (V-C.3), we have
x  = n B 02 Z nm« r n m 2>. (V-C.4)
which w as  f i r s t  obtained by S t rau ss ,149 in a very different 
way. From equations (V-B.19) and (V-C.4), the sca le  length 
H2=X/TiB02=<£rnm2>-
Of course, s ince the formula (IV-D.6) for £>rnm2 1S only 
valid away from th e  ra t iona l  s u r fa c e  i ( r n m )=n/m, th e  
re la t ion (V-C.4) is not exactly what w e  want. The important 
e f f e c t s  of  magnetic f luctuations  occur  near the  ra t iona l  
surfaces ,  where the  topology of the magnetic field can be 
a l tered due to the opening of a magnetic island. In fact ,  the 
formation of magnetic is lands breaks the exact  resonance 
condition i ( r nm)=n/m, thus allowing for  a resolut ion of the 
singularity in the function £ rn m 2- A c r ude resolution of the 
resonant denominator ( i - n / m ) 2 in £rnm2 1S ma^e by making 
the  replacement150
,49H. R. S t rauss ,  Phys. Fluids 28 ,  2 7 8 6  (1985).
150A. H. Boozer, "Plasma Confinement," In E n c y c lo p e d i a  o f  P h y s i c a l  
S c i e n c e  and  T ec h n o lo g y ,  (Academic Press,  Orlando, Florida,  1987), Vol. 
10, p. 680.
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Srnm2 = Wnm2/ (2TtrB0>2 ]/ t(i.-n /m )2]
-* [?<nm2 / <2ItrB0>2 l/ K'"-n /m >2 * s nm2], (V-C.5)
where  the  quantity Snm scales  as the  island width in io ta -  
space,
s nm = I (6 i/a r )R 0Brnm /(m B0 ) | 1 /2 . (V-C.6)
Combining (IV-D.6) and (V-C.5), using (IV-B.32), w e  find the  
simple scaling
i 2 = (Ro2/m 2Bo2Snm2 )<Brnm2>
*  I RQBrnm/[rnB0 (ai./6 r)] | = w nm2 (V-C.7)
near  the  mode ra t iona l  surface .  Note th a t  (V-C.7) implies 
th a t  the cu rren t  viscosity  X is proportional to  |B r n m | ,  not 
l Br n m l 2 * as one might naively expect.  This is  due to  the 
f a c t  th a t  the  c h a r a c t e r i s t i c  s c a le  of a topology a l te r ing  
m agnetic  pe r tu rba t ion  is proportional to  |B r n m | 1 / 2 , not 
I Brnm I • which was  already mentioned in the  ch a p te r  on 
tearing modes.
A more physical understanding of the current viscosity X 
can be gained by examining a k inetic  theory. The k inetic  
t rea tm en t  s tem s from the pioneering work of Rechester and 
R o s e n b lu th 151 and Jacobson and Moses.152 These works 
s t r e s s  the  point th a t  a small , f luctuating radial magnetic 
f ie ld  Br  can  ca u se  "c ross - f ie ld"  p lasm a t r a n sp o r t  in a 
to ro ida l  con f inem en t  sy s tem  w ith  des t royed  m agnet ic  
surfaces.  In fact, th is  is a good way of viewing the origin of 
the X term in the mean-field Ohm’s law (V-B.l 8). That is, in 
m ean - f ie ld  theory we deal w ith  an in teg rab le  magnetic  
Hamiltonian and always have good magnetic surfaces .  
The theoretical  price payed for th is  simplication, however, is 
the  complication caused by the new curren t  viscosity  term. 
In e f fe c t ,  the  current  viscosity  al lows paral lel  cu rren t  to  
radially c ro ss  the mean-fie ld  magnetic surfaces  in regions 
corresponding to those where the actual magnetic surfaces of 
the complete magnetic field are destroyed.
Let us examine a k inetic  model s im i la r  to  tha t  of 
Jacobson and Moses. We begin by assuming tha t  the plasma is 
a Lorentz g a s 153 of mobile e lectrons and s ta t ionary  ions at
151 A. B. Reches te r  and M. N. Rosenbluth, Phys. Rev. Lett.  4 0 ,  38  (1978).
,52A. R. Jacobson and R. W. Moses, Phys. Rev. A 2 9 ,  3 3 3 5  (1984).
, 5 3 L. Spltzer ,  J r . ,  P h y s i c s  of Fully Ion ized  G a s e s ,  (In tersc ience ,  New
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uniform te m p e ra tu re  and dens i ty .  Recall from th e  k ine t ic  
equation (II-B.l)  tha t  the col l is ion  operator  CCf^) rep resen ts  
the  averaged e f f e c t s  of random phase space processes .  It is 
easy  to  show th a t ,  in order  to  conserve  p a r t i c l e s ,  th e  
co l l is ion  opera to r  m ust  take  th e  form of a d ivergence of 
some vector  function in the  phase space. The usual Fokker- 
Planck c o l l i s io n  o p e r a to r ,154 however, which is purely a 
velocity  space divergence, only incorporates  the  e f f e c t s  of 
random processes  in velocity space. Jacobson and Moses, on 
th e  o th e r  hand, argued th a t  if  th e  m agnet ic  f ie ld  w e re  
separated  into mean and fluctuating parts ,  then the  coll is ion 
opera tor  should also incorporate the  random processes  due to  
t h e  m agnet ic  field.  In m ean - f ie ld  theory, th e re fo re ,  the  
co l l is ion  opera to r  a lso  has a coord ina te  space  divergence 
t e rm .  An e f f e c t i v e  k in e t ic  equa t ion  for th e  c r o s s - f i e l d  
t ranspor t  of e lectrons is then
-(e /m e )E|| - d f / d V | ,  = V- (Dm | v„ | V f ), (V-C.8 )
w h ere  w e u se  equation  (IV-B.34) to  define the  d if fus ion
York, 1956),  p. 03.
154M. N. Rosenbluth ,  W. M. MacDonald, and D. L. Judd,  Phys. Rev. 1 0 7 ,  t 
(1957) .
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coeff ic ien t  Dm | V|( | .
Now, reca l l  from the  sec t io n  on k ine t ic  theory the  
im portan t  pr inciple  th a t  new averaging procedures lead to  
additional te rm s  in Ohm's law. The new c ro s s - f ie ld  curren t  
d iffusion term in Ohm's law is  obtained by mult iplying both 
s ides  of (V-C.8 ) by the  moment -*evM / 1 Vjj | and in tegrating 
over  t h e  velocity  space.  From the Maxwellian d is t r ibu t ion  
function f^  of equation (II-C.14) w i th  Uj=0, the  der iva t ive  
8 f/dV||K-(me V||/T)f|v(. The result ing moment equation can  then 
be w r i t t e n  in the  simple form155
E-B = - V-[XV(j|,/B)]. (V-C.9)
where the  current  viscosity
X «  TiB0 2 (2DmXc ), (V-C.10)
with  the  mean f ree  path Xc and the  r e s i s t iv i ty  ti given by 
equa t ions  (1-B.9) and (11-C.17). For the  c a s e  of enhanced 
t r a n sp o r t  due to  m agnetic  islands, th e  e f f e c t iv e  magnetic  
d i f fu s io n  c o e f f i c i e n t  Dm is given by equat ion  (1V-B.37).
, 5 5 A. H. Boozer, Bull. Am. Phys. Soc. 3 3 ,  1904 (1988).
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Kinetic theory the re fo re  yields the  curren t  f la t ten ing  sca le  
length
£ 2  s  x / t \ B q 2  w 2 D j^ X c  si Wn m 2 . (V-C.11)
The r e s u l t s  of the  quasilinear helicity  theory (V-C.7) and the  
k inetic theory (V-C.11) are  the re fo re  in agreement w ith  each 
other.
It can further  be shown tha t  tearing modes c re a te  spikey 
cu r ren ts  and voltages only w i th in  the  vicinity  of magnetic  
i s l a n d s . 156 For t h e  s p a t i a l  dependence of th e  c u r r e n t  
v i s c o s i ty  X(r,t) ,  w e  have th e r e f o r e  chosen  th e  s im p le  
Gaussian form,
X(r. t)  = ^ n m 71^r n m ' ^  B0 2 w n m 2 e x P(- ^ r ‘ r n m ) 2 / ,w n m 21, (V-C.12)
where the  summation extends over all the magnetic is lands 
in the  plasma. The t im e  dependence of the  cu r ren t  viscosity  
X(r,t) is  the re fo re  determined by the  r e s i s t iv i ty  ^ ( r . t ) ,  the  
posi t ions of the  resonant su r faces  r nm(t), and the  magnetic 
island widths w nm(t).
, 56A. H. Boozer, Phys. Fluids 2 7 ,  2 0 5 5  (1984).
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If we are given the  form for the  plasma r e s is t iv i ty  
Ti(r,t), then the procedure outlined by (V-B.19), (V-C.12), 
(IV-D.4), and (IV-C.15):
e x / a t  = ( 7 i c 2 / 4 T t )  V2X - V-[(Xc2 /4TtB0 2 )V(V2X)L (V-C.13a) 
X(r,t) = E n m Tl(rnrT, , t )  Bq2 w nm2 e x p [ - 4 ( r - r n m )2 / w n m 2 ] , (V -C.13b)  
dwnm/ d t  = 1.28 ( t i c 2 /4 tc )  A 'nm, (V-C.13c)
and
v i 2Xnm = [(Ro/r)(djj/dr)/(i-n/m)] Xnm, (V-C.13d)
gives a se lf -cons is ten t ,  quasilinear t rea tm en t  to  the problem 
of tearing modes in an inductively driven tokamak. That is, 
according to  (V-C.13d), if the shape of the cu rren t  profi le  
causes  a tearing instabil i ty  A 'nm to occur, then a magnetic 
island begins to grow, at a ra te  given by (V-C.13c). Following 
equation (V-C.13b), the island generates a current  viscosity  
X(r,t), which f la t tens  the  current profile  about the unstable 
resonant surface ,  according to  the poloidal flux evolution
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equation (V-C.13a). The f la t ten ing of the  cu r ren t  profile  
s t a b i l i z e s  the  in s tab i l i ty ,  making th e  p rocedure  s e l f -  
cons is ten t .  Of course, f lattening the  curren t  profile  in one 
location will  steepen i t  somewhere else,  destabil izing other 
tearing modes. While our mean-field theory does not consider 
t h e  ex a c t  n o n - l in e a r  problem w i th  d i r e c t  mode-mode 
couplings, tearing modes are able to  in te rac t  with each other 
via the  in termediary  of the  cu r ren t  profi le ,  making the  
procedure quasi- linear. The se t  of equations (V-C.13) will be 
discussed further  in the  chapters  on numerical methods and 
inductively driven tokamaks.
CHAPTER VI. BOOTSTRAP EFFECT
Sect ion  VI-A. N eo -c la ss ica l  T ranspor t
In th i s  c h a p te r  w e d iscuss  some of th e  e f f e c t s  of 
toroidic ity  on plasma t ranspor t .  This is an important subject  
because coll is ional t ransport  in a tokamak depends mainly on 
toroidal e f fec t s .  That is, in toroidal geometr ies ,  the  par t ic le  
and hea t  d iffus ion co e f f ic ien ts  a re  much larger  than those  
given by rough e s t im a te s  such as (I-B.14), which a re  valid 
only for a cylinder. The extension of the  c la ss ica l  collisional 
theory to toroidal geometries is called neoclassical  t ranspor t  
th e o ry .  For our r e s e a r c h ,  w e  a re  i n t e r e s t e d  in th e  
neoc lass ica l  enhancement of t ranspor t  in the  long mean f ree  
path, the rm onuc lea r  p lasm a regime. This reg im e  of low 
p lasm a c o l l i s io n a l i ty  w as  f i r s t  analyzed by Galeev and 
S a g d e e v . 157 In low c o l l i s io n a l i ty  reg im es ,  th e  to ro ida l  
enhancement of t r a n s p o r t  is dominated by the  e f f e c t s  of 
magnetically trapped p a r t ic le s . 158 So-called trapped pa r t ic le  
e f f e c t s  are  also quite common in space plasmas.  For example,
157A. A. Galeev and R. Z. Sagdeev,  Sov. Phys. JETP 2 6 ,  233  (1968).
158B. B. Kadomtsev and 0. P. Pogutse,  Nuc. Fusion 1 1, 67 (1971).
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the Van Allen rad ia t ion  b e l t s  a re  composed of charged 
par t ic les  which are trapped by the  Earth's magnetic f ie ld . 159 
Magnetically trapped p a r t ic le s  r e su l t  from th e  magnetic  
mirror effect ,  which we now briefly discuss.
The bouncing of charged par t ic les  in magnetic fields, or 
the magnetic mirror e f fec t ,  a r ises  from the exis tence of the 
m agnetic  moment invariant  ;im . As is well-known, if the  
magnetic field strength  B changes slowly w ith in  a plasma, 
then the  magnetic moment
*im = mv± 2 / 2 B (VI-A.l)
is an a d ia b a t ic  inva r ian t  fo r  th e  m otion  of p la sm a  
p a r t i c l e s .160,161 That is, djim /dt=0 along a plasma par t ic le  
t ra jec to ry ,  for slowly varying magnetic fields.  Replacing the 
p e rp en d icu la r  k in e t i c  energy mv± 2 / 2  w i th  ;im B and 
designating the  e lec t r ic  potential by 4>, we can then w r i t e  
the par t ic le  energy H as
,59J. A. Van Allen In R. L. Carovillano, J.  F. McClay, and H. Radoskl, P h y s i c s  
of t h e  M ag n e to s p h e re ,  (Reldel Publishing Co., Dordrecht, Holland, 1968).
, 6 0 T. g . Northrop,  The A d i a b a t i c  Motion  of  C h a rg e d  P a r t i c l e s ,  
(Interscience,  New York, 1963), pp. 41-77.
F. Chen, I n t r o d u c t i o n  to  P l o s m a  P h y s i c s  a n d  C o n t r o l l e d  
F u s io n ,  (Plenum Press ,  New York, 1984), pp. 30-34 .
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H = mV||2/2  + p m B + e<J>. (VI-A.2)
The energy (VI-A.2) is a lso  a good p a r t ic le  invariant ,  for  
t im e  independent f ie lds .  For s im pl ic i ty ,  suppose th a t  th e  
e le c t r ic  potentia l  4>=0. If Bmax and Bm in are the  maximum 
and minimum values of the  magnetic field s trength ,  then the  
in v a r ia n ce  of th e  m agne t ic  m om ent (VI-A. 1) and th e  
conservation  of the  p a r t ic le  energy (VI-A.2) toge ther  mean 
tha t  any par t ic le  sa t is fy ing  the inequali ty162
mV||2 / 2  + jipnBm in < (VI-A.3)
will  be trapped between regions of high magnetic field. That 
is, at or before the  posit ion where the  field s trength  B=Bmax, 
a trapped plasma p a r t ic le  has a paral le l  velocity v (|=0 , and 
th e r e f o r e  must  r e v e r s e  i t s  s e n s e  of motion along th e  
magnetic field, which explains the  name magnetic mirror.
As w e  have previously mentioned, in a toroidal magnetic 
geometry such as the  tokamak, th e  inboard value of the  
magnetic field is naturally g rea te r  than tha t  of the  outboard
162J. A. Wesson,  T o k a m a k s ,  (Clarendon P re s s ,  Oxford, 1987), pp. 7 6 -77 .
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side. That is, as d iscussed  in the Introduction, toroidal  
magnetic fields possess a field gradient VB. If we designate 
e=r/R as the local inverse aspect ratio ,  it  can be shown tha t  
the field gradient VB causes the  trapping of a fraction e 1/2  
of plasma par t ic les ,  each w ith  a typical  para l le l  velocity 
V||=;e1/ 2 Vj. The magnetically trapped plasma par t ic les  bounce 
back and forth in the magnetic mirror a t  an e f fec t ive  bounce 
frequency o>b. The bounce frequency 6>b is on the  order of
(Ob ~ V||/Rq s; e 1/ 2 VT/Rq, (VI-A.4)
where q is the  tokamak safe ty  factor  (IV-D.8 ). If z  is  the 
par t ic le  collision t ime, then the long mean f ree  path regime 
is characterized by the  inequality
cob »  ve ff, (VI-A.5)
where
veff = (er)"1 (VI-A.6)
is th e  e f f e c t iv e  co l l is ion  frequency for detrapping.  The
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inequality (Vl-A.5) means tha t  a plasma p a r t ic le  completes 
many mirror bounces before suffering a collision.
The important difference between magnetically trapped 
and untrapped, or  passing, plasma par t ic les  can be understood 
by examining the  different nature of the par t ic le  orb its .  As 
mentioned in the  Introduction, passing plasma par t ic les  are 
f ree  to  make com ple te  t r a n s i t s  around the  torus ,  thus  
averaging away the  grad B drif t  (I-C.2). On the  other  hand, 
trapped p a r t i c le s  cannot com plete  full toro idal  t r a n s i t s .  
Instead, trapped par t ic les  make small excursions away from 
the ir  home flux surfaces and bounce repeatedly, tracing out 
so-called banana o rb i t s .163 The typical width w^ of a banana 
orbit is on the order of
Wb = e 1 / 2 qp ,  (V I -A .7 )
where p is the gyroradius (I-B.11). The banana width (VI-A.7) 
can be derived from the conservation of the toroidal pa r t ic le  
canonical momentum
P<p = mV||R - e%/c. (VI-A.8 )
,63J.  A. Wesson,  T o k a m a k s ,  (Clarendon Press ,  Oxford, 1907), pp. 7 8 -79 .
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That is, w ith  the  varia tions 8V[|Sje1 / 2 VT and S ^R B eW b .  the  
var ia t ion  Sp<p=0 of equation (VI-A.8 ) yields (VI-A.7). If w e  
now use the  general formula (I-B.8 ) to  ca lcu la te  an e f fec t iv e  
d if fus ion  co e f f i c ie n t  D5 for  the  e 1 / 2  f rac t ion  of t rapped 
par t ic les ,  we find
Db »  e 1 / 2  (ve f f  Wb2 ) =  ( e " 3 / 2 q2 ) (p 2 /?r),  (V I-A .9 )
which exceeds  t h e  c l a s s i c a l  c o e f f ic ie n t  (I-B.14)  by th e  
potentia l ly  large fac to r  e " 3 / 2 q2 . For example, the  re su l t  of 
Galeev and Sagdeev for the  enhancement of plasma e lec tron  
radial p a r t ic le  flux in a tokamak may be w r i t ten  as
ne u r  = - (2 r /R o ) 1 /2  (Ro/r)2 q2 (pe 2 / ^  dne /d r ,  (VI-A.10)
where u r  is the radial plasma velocity.
One very im portan t  r e su l t  of neoc lass ica l  t r a n s p o r t  
theory concerns the  ex is tence  of a d iffusion driven paral lel  
p lasma cu r ren t  in the  therm onuclear  plasma regime.  This 
diffusion driven or  so-ca l led  “bootstrap" current is  predicted 
to  ex is t  by the very general Onsager symmetry re la t ions  of
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non-equilibrium thermodynamics .164 In fact, in the ir  original 
work, Galeev and Sagdeev165 gave a simple expression for 
the bootstrap current of the form
j b s  -c  E(2 r /R )1/ 2 /B0] dp /dr ,  (VI-A.11)
w here  p is  the p lasm a p re s su re .  We give a h e u r i s t i c  
explanation of the bootstrap current density (VI-A.11). F irs t ,  
in the presence of a density gradient 8n / 8r, the e 1/2  f raction 
of trapped electrons carry a current
j t  = - e  e 1/2  (e^/ 2Vj) (wbd n /8r) 
s - c q  e 1/2  (T/B) 8n /8 r. (VI-A.12)
However, th i s  is not yet the boots trap  cu rren t  (VI-A.11). 
That is, because of the  continuity of the electron distribution 
function in velocity space, or  recognizing tha t  the  trapped 
p a r t i c l e s  in te ra c t  w i th  th e  la rger  f ra c t io n  of pass ing  
p a r t i c l e s ,  en t ra in ing  them via co l l i s io n s ,  t h e  t rapped  
par t ic les  t ran s fe r  th e i r  momentum to  the  passing e lectrons 
a t  the  e f fec t iv e  co l l is ion  frequency ve ff  of (VI-A.6 ). The
164F. L. Hinton and R. D. Hazeltlne,  Rev. Mod. Phys. 4 8 ,  239 (1976).
165A. A. Galeev and R. Z. Sagdeev,  Sov. Phys. JETP 2 6 ,  233 (1968).
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passing e lec t rons  then collide w ith  ions at  a frequency on the 
order of -c©'1 . The bootstrap cu rren t  is therefore
Jb ~ <vef f*e )  i t  ~ "c (e1/ 2 /B 0 ) T e n / 8 r, (VI-A.13)
which explains the Galeev-Sagdeev scaling (VI-A.11). It is 
important  to  note th a t  recent  experim ents  on the  TFTR,166 
JET ,167 and J T - 6 0 168 tokamaks report s ign if ican t  values for 
th e  tokamak b oo ts t rap  cu r r en t .  The b o o ts t ra p  cu r ren t  is 
apparently a very real phenomenon.
Sec t ion  VI-B. Curren t  A m pli f ica t ion
Since th e  para l le l  Ohm's law (III-C.1) r ep re se n ts  the  
p a r a l l e l  f o r c e  b a lan ce  on p la sm a  e l e c t r o n s ,  w e  ca n  
incorporate  the  boots t rap  cu r ren t  te rm  (VI-A.11) in to th i s  
equation by balancing the  forces on the passing electrons,
166M. C. Z a rn s to r f f ,  M. G. Bell,  M. B i t t e r ,  R. J .  Goldston,  B. Grek, R. J.  
Hawryluk, K. Hill ,  D. Johnson,  D. McCune, H. Park, A. Ramsey,  G. Taylor,  and 
R. Wieland, Phys. Rev. Lett.  6 0 ,1 3 0 6  (1988) .
167J.  G. Cordey, C. D. Chall is ,  and P. M. S tubberfield,  P la sma Phys. and Contr. 
Fusion 3 0 ,  1625 (1988).
, 6 0 M. Kikuchi, M. Azumi, S. Tsujl ,  K. Tanl ,  and H. Kubo, Nuc. Fusion 3 0 ,  343  
(1990) .
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EB = n(j*B - jb0 )* (VI-B.1)
That is, the  boots trap curren t  te rm  simply rep resen ts  th e  
f r ic t iona l  fo rce  which th e  trapped e lec t rons  exe r t  on th e  
passing e lec t rons .  Let us examine th e  consequences of th e  
boo ts t rap  cu rren t  te rm  in the  Ohm's law (VI-B.1). F i rs t ,  
consider  a plasma pressure  profile
That is, the p ressu re  p is assumed to  be a parabola to some 
p o s i t iv e  power ff. For th e  d iscuss ion ,  suppose  th a t  t h e  
poloidal field Be ocr. From (VI-A.11), w e  then have
a c h a ra c t e r i s t i c a l l y  hollow (outwardly  peaked) b oo ts t rap  
cu r ren t  profile .  Expanding (VI-B.3) about the origin, w e see  
th a t  jbOcr1 / 2  near the  magnetic ax is .  [Actually, s ince t h e  
plasma must be in the  p la teau ,169 not the banana, t ranspo r t
169A. A. Galeev, Sov. Ohys. JETP 3 2 ,  752  (1971).
p = Po 11 - ( r / a )2 ]2'. (V1-B.2)
ib r 1 /2  [1 - ( r / a )2]2'- 1 , (VI-B.3)
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regime in a small  region about the  magnetic axis ,  the non- 
an a ly t ic  exp ress ion  (VI-A.11) does not apply there .  The 
p l a t e a u - c o r r e c t e d  fo rm 170 for (VI-A.11) has  jt,ocr2 . an 
analyt ic  function which a l so  vanishes a t  r=0.] That is, th e re  
is no bootstrap current  at  th e  origin.
To apprec ia te  the importance of th is  l a s t  fact ,  we u se  
the  n e o c la s s ic a l  t r a n s p o r t  theory of  the  l a s t  s e c t io n .  
Combining equation (VI-A.10) with the  approximation
j b « -c  (2r/R0 ) 1/2  (Te /B e ) 8ne / d r  (VI-B.4)
gives
n i b  = u rBe / c * (VI-B.5)
an im p o r ta n t  r e s u l t  f i r s t  der ived  by Kadomtsev  and 
Shafranov . 171 Equation (VI-B.5) indicates  tha t  th e  boots trap  
e f fec t  is  equivalent to a radial  outflow of p lasma. From th e  
toroidal Ohm's law
E<p + u r Be / c  = T\J(p. (VI-B.6 )
170D.J. Sigmar, Nuc. Fusion 13, 17 (1973).
171B. B. Kadomtsev and V. D. Shafranov,  Nuc. Fusion Suppl., p. 209  (1972).
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we see  tha t ,  in addition to a loop voltage, a radial outflow of 
p lasm a can  a lso  support  the  to ro idal  cu r ren t .  Therefore ,  
consider  a s t e a d y - s t a t e  w ithout a loop voltage, EgjsO. Then 
th e  O hm 's  law (VI-B .6 ), a long  w i t h  A m p e r e ’s law 
j<p = ( c /4 T t r )d ( rB 0 ) /d r ,  leads to  an equation for  th e  to ta l  
toroidal curren t  l(r) within a radius r,
d l /d r  = [u r/(T ic 2 /4T t)] I. (VI-B.7)
where I(r)=rB0c / 2 .  The very important re su l t  (VI-B.7) was 
f i r s t  derived by Bickerton, Connor, and Taylor .172 Defining
K(r) = J [ u r / ( T ic 2 /4T t)]d r ,  (VI-B.8 )
the solution to  (VI-B.7) is
I(r) = 1(0) exp[K(r)]. (Vl-B.9)
Equation (VI-B.9) simply means th a t  the bootstrap e f f ec t  is a 
cu r ren t  am pli f ica t ion  w ith  K(r) the  c r i t i c a l  am pl i f ica t ion
172R. J. Bickerton,  J .  W. Connor, and J. B. Taylor ,  Nat. Phys. Sci. 2 2 9 ,  110 
(1971).
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factor .  However, s ince  the cu rren t  I(r) cannot increase  from 
I(0)=0, equation (VI-B.7) also a c t s  as a boundary condition on 
the  boots trap  e f fe c t .  That is, w ithout some o the r  source of 
c u r ren t  near  the  magnetic  ax is ,  th e re  is nothing for  the  
bootstrap e f fec t  to  amplify. The so-called "seed" cu rren t  near 
the magnetic axis would apparently have to  be driven by some 
o ther ,  non-inductive  means. These a re  th e  cons ide ra t ions  
which led Bickerton, e t  al . t o  s t a t e  th a t  "a com plete ly  
boots t rapped  tokamak is not possible,"  a s t a te m e n t  which 
was already mentioned in the Introduction.
Another ,  m ore  a b s t r a c t ,  but eq u iv a len t  way of 
unders tanding  the  tokamak b o o ts t rap  problem is  from a 
m agne t ic  flux point of v iew. That is ,  the  poloidal flux 
con ten t  of a plasma is Xb~Xo with  - Xo tfie poloidal flux 
enc losed  by the  m agnet ic  ax is .  In th e  ab sence  of any 
inductive drive, th e  boundary voltage dXb/dt=0. Since the 
bootstrap current on axis jb(0)=0, the usual Ohm's law gives
dXo/dt = 2t\(0)(c/4tc)(B0 /R 0 ) l(0) > 0. (VI-B.10)
If the  ro ta t iona l  t ransform  i ( r )  is pos i t ive  throughout the
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plasma, then the plasma has a posit ive poloidal flux content,
Xb-^o = 2TtB0 J U r ) rd r  > 0 . (VI-B.11)
On the  other  hand,
<KXb-Xo)/dt = -dX0 /d t  < 0, (VI-B.12)
so  a vanishing loop vo l tage  im pl ies  t h a t  X b ' X o  m ust  
continuously drop. The boots t rap  e f f e c t  cannot,  the re fo re ,  
c r e a t e  poloidal magnetic flux. Instead, the  flux is pushed out 
of reg ions of high p lasm a p ressu re ,  c r e a t in g  th e  hollow 
boots trap  cu r ren t  p ro f i le .173 It is well-known tha t  a hollow 
cu r ren t  p ro f i le  has a very negative e f f e c t  on tear ing  mode 
s t a b i l i t y . 174 We note tha t  hollow tokamak curren t  p rofi les  
have been observed recently  in JET d ischarges  w i th  pel let  
in jec t ion .175
The fac t  tha t  th e  boots trap e f fe c t ,  by i t s e l f ,  leads to 
hollow curren t  profi les  and th a t  hollow cu rren t  p rof i les  lead 
to  tear ing  modes makes one suspect  t h a t  some ana lys is  of
, 7 3 B. B. Kadomtsev and V. D. Shafranov,  Nuc. Fusion Suppl., p. 209 (1972).
, 7 4 H. P. Fur th,  P. H. Rutherford ,  and H. Selberg ,  Phys. Fluids 1 6 ,  1054 
(1973) .
175W. Kerner (private communication).
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tear ing  modes should also be made in conjuction w ith  the 
bootstrap e f fec t .  Since the e f f e c t  of tearing modes can be 
included in Ohm's law via the mean-field theory of chapter  V, 
we analyze the bootstrapped tokamak by combining equations 
(V-B.16) and (VI-B.1),
E-B = n ( j -B  - j bB) - V-[XV(j|, /B)L (VI-B.13)
which was given in the  Introduction as (I-D.3). Using the 
cylindrical tokamak approximation, equation (VI-B.13) takes 
the  form
a ? ( / a t = n t ( c 2 /4TC)V2 ?(-2T£R0 c j b]-V-[(Xc2 /47tB0 2 )V (V 2 X)]. CVI-B.l4)
If we now incorporate the  paral lel Ohm's law (VI-B.14) into 
the procedure outlined by (V-C.13), we have a complete set 
of bootstrapped tokamak equations:
djC /d t=n[(c2 /47T)V2X-2TTR0c j b]-V-[(Xc2 /4TTB0 2 ) V ( V 2X)].(VI-B.15a)
Mr.t)  = Z nmn < rnm.t) B0 2 w nm2 e x p M ( r - r nm)2/ w n[n2UVI-B.15b)
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dwnm/d t  = 1.28 ( i \c2 /4r t)  A 'nm, (VI-B.15c)
and
v ± 2Xnm = t(Ro/r)(dji /dr)/( i-n /m)]  Xnm, (VI-B.15d)
where all physical quantit ies are defined as in (V-C.13).
As was emphasized in the Introduction, tearing modes can 
c r e a t e  poloidal magnetic flux, and thus may be very useful 
for the  boo ts t rap  e f fec t .  From the  point of view of the 
required  b o o ts t rap  "seed" cu r ren t  on axis ,  the  cu r ren t  
viscosity  X of the  mean-field equation (VI-B.14) provides a 
possible a l ternative  to externally driving the tokamak central 
cu r ren t .  That is , the tear ing  mode activi ty  in the tokamak 
c e n te r  due to  the  hollow curren t  profi le  can be used to 
t r a n sp o r t  p lasma cu rren t  to  the  magnetic  axis. This is 
important because, as mentioned in the Introduction, external 
c u r r e n t  drive schemes a re  undes irab le  for  s t e a d y - s t a t e  
tokamak o p e ra t io n  b ecause  they a re  only m arg ina l ly  
e f f i c i e n t .176 With the current  viscosity induced current,  on
176A. H. Boozer, Phys. Fluids 3 0 ,  591 (1988).
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th e  o th e r  hand, t h e  p o ss ib i l i ty  e x i s t s  of in t r in s i c a l ly  
ach iev ing  a tokam ak s t e a d y - s t a t e  v ia  th e  b o o t s t r a p  
e f f e c t . 177 Of course ,  th is  type  of tokamak opera t ion  is 
somewhat d i f fe re n t  from the  s tandard inductive one w i th  
c e n t r a l ly  peaked c u r re n t  p ro f i le s .  This s u b je c t  w i l l  be 
discussed fu r ther  in the  chap ter  on completely bootstrapped 
tokamaks.
177A. H. Boozer,  Phys. Fluids 2 9 ,  4123  (1986).
CHAPTER VII. NUMERICAL METHODS
S ec t io n  VII-A. Scaled  Model Equations
This chap ter  describes some of th e  numerical methods w e 
have developed in order to solve the s e t  of model equations 
(V-C.13) for inductively driven tokamaks or the s e t  (VI-B.15) 
for com ple te ly  boots trapped tokamaks.  Fundamentally, t h e  
numerical procedures  used to  solve e i th e r  s e t  of equations 
d i f fe r  only s l ightly  from each other. However, because th e  
inductively driven c a s e  is somewhat s impler  to  understand, 
we in i t ia l ly  focus our a t ten t ion  on th e  numerical methods 
necessary  to  solve th e  set (V-C.13). The modif ications of th e  
m ethods p resen ted  in this chap te r  necessary  t o  solve t h e  
boots trap  equations (VI-B.15) will be discussed la te r  in th e  
c h a p te r  on com ple te ly  boo ts t rapped  tokam aks.  A ctua l ly ,  
ordering our expos it ion  in th i s  way a lso  m im ics  the t r u e  
progression of our research.
Let us begin our discussion of (V-C.13) by scaling th e s e  
equations. F irs t ,  we make the subst i tu t ions
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r '  = r /a ,  (VII-A.1)
= ?(/(2Tta2B0 ), (VII-A.2)
t\ ‘ = (VII-A.3)
X' = X / (n o a 2Bo2). (VII-A.4)
and
t* = t / * ^  (VII-A.5)
into equations (V-C.13). In the scalings (VII-A.1 )-(VII-A.5), a 
is the  plasma minor radius. Bq is the large constant toroidal 
magnetic field, is the  re s is t iv i ty  on axis, and is the 
skin t ime (III-C.15) with the res is t iv i ty  t\ q ,
z-^ = 4Tta2 /Tioc2 . (VII-A.6 )
Dropping the primes from the scaled quant i t ies ,  the  set  of 
equations (V-C.13) becomes Ohm's law,
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dX /d t  = T|V2 X - V-EXV(V2X)], (VII-A.7)
w ith  n ( r . t )  the  scaled plasma r e s i s t iv i t y  and X(r.t) the  
current viscosity,
M r. t)  = Wnm2 exp[-4(r-rnm)2 / w nm2 ], (Vll-A.a)
the island growth equation,
dWnm/d t  = ^*28 ^ l^n m ’^  ^  nm' (VII-A.9)
and the s tabil i ty  equation,
v i 2Xnm = Kr"1d j2 /d r ) / ( i -n /m )]  Xnm* (VII-A.10)
In (VII-A.7)-(VII-A.10), the scaled tokamak current density is 
j2(r.t)  = V2X. (VII-A.11)
the rotational transform is
i ( r . t )  = r'dpdr,  ( V I I - A .1 2)
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the operator V ±2 is
V ± 2 = d2 / d r 2 + ( l / r ) d /d r  - m2 / r 2 (VII-A.13)
and the stab il i ty  factor delta prime is
A'nm = N X nm A kl^nm ' (VII-A.14)
with IdXnm/ d r  ^ the JumP the  derivative dXnm/ d r  a t  the 
(n,m) rational surface.
Obviously, the s im plest  equation to  solve in our s e t  of 
scaled equations is the island growth equation (VII-A.9). That 
is, if at  the t im e t w e  are  given the plasma r e s is t iv i ty  t \, 
the s tab il i ty  factor A 'nm , and the  island width wnm, then we 
can expl ic i t ly  step equation (VII-A.9) forward in t im e  to  
obtain an approximation for th e  island width w nm at  the 
la te r  t im e  t+At. We assume at  the  init ial t ime t=0 tha t  all 
island w idths  w nm=0. Of course, the width  of a magnetic 
island cannot become negative. This means tha t  should A*nm 
be negative a t  some t im e  t  for a par t icu lar  (n,m) mode and
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c a u se  w nm to  drop below ze ro  a t  th e  t im e  t+A t,  then by 
d e fau l t  we se t  w n m =0 a t  the  t im e  t+A t ,  and t h a t  the  
par t icu la r  (n.m) mode under consideration does not contr ibute  
to  the  current  viscosity sum (V1I-A.8).
Unfortunately, both the poloidal flux evolution equation 
(VII-A.7) and the  tear ing mode s tab i l i ty  equation (VII-A.10) 
are  much more d i f f icu l t  to  so lve than the  is land growth 
equation. The numerical methods used to  obtain solut ions of 
these  equations forms the  subject  m a t te r  for the  remainder 
of th is  chapter.
S ec t io n  VII-B. Poloidal Flux Evolution
Without question,  the  most d i f f icu l t  and im portan t  
equation we m ust  solve is (VII-A.7), the  m ean-f ie ld  Ohm's 
law or  poloidal flux evolution equation,
e x / a t  = n v 2x  - v-[xv(v2x)i. ( v i i - b . d
This equation is a fourth-order,  parabolic part ia l  d if fe rentia l  
equation  for th e  poloidal magnetic flux -X(r,t ) .  That is , in 
add i t ion  to  t h e  s tandard  V 2 d i f fu s ion  of th e  poloidal
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magnetic  flux discussed in sec t ion  III-C, equation (VII-B.l) 
a lso  includes a V 4 diffusion of the flux proportional to  the  
cu rren t  v iscos i ty  x .  Of course ,  in regions w ith  no tear ing  
mode a c t i v i t y  w h e re  th e  c u r r e n t  v i s c o s i ty  X=0, th e  
underlying s t r u c t u r e  of (V II -B . l )  r em a in s  th a t  of th e  
m agnet ic  d if fus ion  equation  (I1I-C.14). That is, th e  X=0 
equation is  jus t
<ty/at = TtV2X. (VII-B.2)
In the X=0 regions, therefore,  the  shape of the  current profile  
V 2 X is determined by the r e s is t iv i ty  profi le  Ti(r,t) and loop 
voltage BX/dt alone. However, from the  discussion of tearing 
modes in chap te r  IV, we know tha t  even a small amount of 
magnetic ac t iv i ty  X can significantly a l t e r  the  proper t ies  of 
th e  m ean-fie ld  cu r ren t  density V 2X- Mathematically, th is  is 
because  t h e  c u r r e n t  v isc o s i ty  X m u l t ip l i e s  th e  h ighes t  
spa tia l  derivative V^X in the evolution equation (VII-B.l). In 
regions w ith  tearing mode ac t iv i ty ,  the  viscosity  term XV4X 
c a n  t h e r e f o r e  s u c c e s s fu l ly  c o m p e te  w i th  th e  r e s i t i v e  
evolution te rm  t i V 2 X. In fact ,  comparing th e se  tw o  te rm s ,  
w e  see th a t  the c r i t i c a l  parameter  is
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I 2 = X/7\. (VII-B.3)
which is ju s t  the  scaled version of (V-B.20).
In order  to  solve equation (VII-B.l), we have developed an 
implici t ,  f in i te -d i f fe ren ce  numerical method s im i l ia r  to  th e  
C r a n k - N ic o l s o n 1 7 0 J 79 method for solving th e  d i f fus ion  
equation  (VII-B.2). Because of the  im pl ic i t  n a tu re  of our 
schem e,  w e expend a r a t h e r  c o n s id e ra b le  amount of  
com puta t ional  e f f o r t  in obtaining th e  numerical  solut ion.  
That is ,  in order to  evolve our numerical solution forward in 
t ime, w e  must  repeatedly  so lve a c e r t a in  s e l f - c o n s i s t e n t  
system of linearized equations. The im plic i tness  requirement 
is im p o r ta n t ,  however,  s in ce  i t  in su re s  th e  num erica l  
s tab i l i ty  of the solutions to  our f in i te -d i f fe rence  equations. 
A numerical in s tab i l i ty ,  in th is  contex t ,  means th a t  sm all  
inaccuracies  in in i t ia l  values of the  numerical solut ion can 
become a rb i t ra r i ly  large as the  numerical so lu t ion  evolves 
fo rw ard  in t im e .  P h y s ica l ly ,  we ca n  u n d e r s ta n d  t h e
,70J. Crank and P. Nlcolson, Proc. Camb. Phil. Soc. 3 2 ,  50 (1947).
,7 9 J.  M. Ortega and W. G. Poole,  J r . ,  An I n t r o d u c t i o n  t o  N u m e r i c a l  
Methods  f o r  D i f f e r e n t i a l  E q u a t i o n s ,  (P i tman,  Marshfield,  Mass., 1981),  
pp. 2 5 2 -2 5 5 .
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s tab i l iz ing  requirement of im p l ic i tn ess  as the  need for a 
spe c i f ica t io n  of re levant  boundary conditions at each t im e  
step  before a sa t is fac to ry  solution of the numerical problem 
can be a t ta in ed .180
The numerical method we have developed is somewhat 
more involved than the  Crank-Nicolson scheme for basically 
tw o  rea so n s :  ( 1 ) th e  higher  o rder  space  d e r iv a t iv e s  of 
eq u a t io n  (V II -B . l )  r e q u i r e  r a t h e r  la rg e  co m p u ta t io n a l  
molecules and (2 ) the  need for an extraordinary  high degree 
of numerical accuracy. Of course,  the  round-off  e r ro r  due to  
th e  f in i te  na tu re  of the  CRAY supercomputers  used in th is  
work will  not seriously e f f e c t  the numerical accuracy. That 
i s ,  FORTRAN REAL da ta  e l e m e n t s  on t h e  CRAY have 
approximately 15 decimal d igits  of precision, which is more 
than enough. The d isc re t iza t ion  e r ro r  due to  the  replacement 
of the  continuous problem (VII-B.l)  by a d i s c r e t e  model, 
however, is  of some concern. Nevertheless ,  we w il l  show 
t h a t  th e  num erica l  method we a r e  using has a global 
d isc re t iza t ion  e r ro r  of only 0 ( A t2 +Ar4 ). This high numerical 
accuracy is  required because the s tab i l i ty  equation (VN-A.10) 
r e q u i r e s  a knowledge of the  c u r r e n t  d ens i ty  g rad ien t
, 8 0 W. F. A m es ,  N u m e r i c a l  M e t h o d s  f o r  P a r t i a l  D i f f e r e n t i a l  
E q u a t i o n s ,  (Barnes & Noble, New york,  1963), pp. 4 9 -5 0 .
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d j z / d r = d ( v 2 ?()/dr. This means th a t  we m ust  be able to  
c a l c u l a t e  th e  d e r iv a t iv e  6 ^ % / 6 r ^  to  som e rea so n ab le  
accuracy .  Numerical d i f f e re n t i a t io n ,  however,  is a very 
de l ica te  procedure. By definit ion, the  der ivat ive  is the  l imit  
of a d if fe rence  quotient,  and in the  l a t t e r  we sub trac t  large 
quan t i t ie s  from each o ther  and divide by a small  one. While 
t h e  c o m p u ta t io n a l  fo rm u lae  for  d e r i v a t i v e s  w e have 
developed have t runca t ion  e r ro r s  of O(Ar^) o r  b e t te r ,  the 
e r r o r  due to  th e  inaccuracy  of t h e  f i n i t e - d i f f e r e n c e  
approximation Xj,k *° X(r=jAr,t=kAt) is genuinely cause  for 
concern, especia l ly  because we must divide th i s  e r ro r  by a 
number of 0 (A r3 ) in the  formula for Nevertheless,
dividing our global f in i t e -d i f f e r e n c e  e r ro r  to  X by A r 3 
in d ic a te s  t h a t  our  approx im ation  to  d j z / d r  w il l  be of 
0 ( A r + A t 2 / A r 3 )sO(Ar) ,  or b e t te r ,  s ince  the  e r ro r s  tend to  
cancel in the  derivatives and we will have A t 2 <Ar^.
A fu r ther  remark about the  Ohm's law (VII-B.l) is tha t  
th is  equation is real ly  a non-linear  equation fo r  X. s ince in 
our model the  cu r ren t  v iscosi ty  X is actually a feedback of 
th e  shape of th e  c u r ren t  p ro f i l e  V 2 X* In our  numerical  
method, however, we wil l  so lve  a s e t  of im p l ic i t  l inear  
equa t ions ,  evolving th e  numerical  so lu t ion  by solving a
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s im i l ia r  se t  of l inear equations at  a fu ture  t im e  interval,  
w ith  X ca lcula ted  from equations (VII-A.8)-(VII-A.10). One 
standard method for numerically solving non-linear equations 
is to  i t e r a t e  the numerical solution a number of t im es  at 
each t im e step, thus modeling the non-linearity . Instead, we 
have chosen a very small t im e  step A t=10- 5 , thus solving a t  
an increased number of t ime intervals,  a procedure which is 
somewhat simpler  to  implement. In any case, the  solutions 
we produce are s te ad y -s ta te  solutions to  the model equations 
(VI1-A.7)-(VII-A.10).
Let us begin by rewrit ing our Ohm's law (VII-B.l) in the 
symbolic notation
dX /dt  = LX. (V1I-B.4)
where the l inear operator L is given by
L = -X 64 / 6 r 4
-(2X /r  + 8X/8r) 8 3/ d r 3
+[X/r2 - (1/r)(8X/8r)  + d2/ d r 2
+[-X/r3 + ( 1 / r 2)(8X/8r) + i \ / r ]  d/dr.  (VII-B.5)
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Note tha t  the  symbolic operator  (VII-B.5) has the  l imit
l im ^ Q  L = - (8 /3)  X d4 / d r 4 + 2 n  82 / 8 r 2 , (VII-B.6)
so everything is  well-behaved. Suppose tha t  w e  a re  given 
in i t ia l  values Xj.k f ° r  our f in i te -d i f fe rence  approximations 
to  X(r= j A r , t = k A t ) .  We then  w i s h  to  c a l c u l a t e  an 
approx im ation  Xj,k+1 f ° r  X(r=jA r , t=kA t+ A t) .  The Crank- 
Nicolson method cons is ts  of evaluating (VII-B.4) a t  the t im e-  
cen te red  point t= (k + l /2 )A t .  Performing some Taylor se r ie s  
expansions a l lows us to  w r i te
(Xj.k + l - X j . k ^ A f  ♦ 0 ( A t 2 ) = (LXjik + l +LXj,k>/ 2  ♦ 0 ( A t 2 ). (VII-B.7)
That is, we ce n te r  the t im e  derivative and t im e-average  the  
opera to r  (VII-B.5), an idea originally due to von Neumann.181 
From (VII-B.7), we can der ive an im p l ic i t  s e t  of l inear  
equations for the  approximations Xj,k+1 *
X j j d  - (A t /2 )  Ljtj.k+i = Xj.k ♦ ( A t / 2 )  LXj.k- (VII-B.8)
, 8 , J .  Crank and P. Ntcolson, Proc. Camb. Ph11. Soc. 3 2 ,  50 (1947) .
189
The so lu t io n s  to  eq u a t io n s  (VII-B.8) fu rn ish  a s e t  of 
a p p r o x i m a t i o n s  X j , k  + l which have a local  tem p o ra l  
d isc re t iza t ion  error  of 0 ( A t 3) and are  numerically stable .
We now produce formulae for  th e  f i n i t e -d i f f e r e n c e  
approxim ations  to  the  spa t ia l  de r iva t ives  of the  symbolic 
opera to r  (VII-B.5). The generation of these  formulae c o n s is ts  
largely of a lgebraic  manipulation, a s  all f in i t e -d i f f e r e n c e  
ca lcu la t io n s  a re  based upon polynomial in te rpo la t ion .182 In 
o rd e r  to  achieve the  required numerical accuracy, we work 
w i th  the  s ix t h -o r d e r  Lagrange polynomial Lgfr),  which  
requ ires  th e  ra th e r  la rge  computat ional molecule of seven 
s p a t i a l  gr id  points .  Evaluating (VII-B.5) a t  the  sp a c e -
cen tered  point r=jAr, we make the approximation
X(r.t) s  L6 (r) = £ .  [ l i t r j / l ^ r j ) ]  Xi.k. (VII-B.9)
w here
l|(r)  = [ ( r - r j . 3 ) ( r - r i _ i ) ( r - r i +i )  •» ( r - r j +3) (VII-B.l0)
, a 2 F. B. Hildebrand,  I n t r o d u c t io n  to  N um er ica l  A n a l y s i s ,  (McGraw-Hill, 
New York, 1956), pp. 60-90 .
and the  index i ranges from ( j -3 )  to  (j+3). Then, using the  
formula of Leibnitz,
d n( f g ) / d r n= £ n fn ! / [ (n -m )!m !]K dm f / d r m )(dn “ m g / d r n - m ) . ( V I I - B .1 1) 
m=o
we d i f fe ren t ia te  (VII-B.9) and perform some algebra to  yield 
the approximations
( d jC / d r ) ^  = (~Xj-3,k + 9Xj-2,k _ ^ 5X j- i ,k  + 4 5 Xj + i,k 
" 9Xj+2,k + Xj+3,k5/6 0 A r
+ 0 (A r6 ), (VII-B.l 2)
(d 2 j ( / a r2 ) jik = (2Xj.3,k - 27Xj-2,k * 2 7 0 X j- l ,k  - 490Xj,k 
♦ 270X]*i,k - 27Xj+2,k * 2X jt 3 ,k ) /180A r2 
+ OfAr6 ), (VII-B.l 3)
(d3^ / d r 3 )j,k = (Xj-3,k _ e X j - 2 ,k + 13X j- i ,k  _ 13 X j +1,k
+ 8 Xj+2,k - Xj+3,k>/8 A r3  
+ 0 (A r4 ), (VII-B.l -4)
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( a* jc /e r* ) j ik = ( - x j - 3,k * i2 X j -2 .k - 3S X j- i .k  4 5 6 Xj,k
■ 3 9 Xj«i.k 4 12X]»2,k -  X].3 ,k) /6 A r 4  
+ 0 ( A r 4). (VII-B.l 5)
Because the formulae (VII-B.l2)-(VII-B.15) a re  ca lcu la ted  a t  
space-cen tered  points , the various numerical co e f f ic ie n ts  in 
t h e s e  ex p re s s io n s  display a high degree  of sy m m etry .  
Maintaining th i s  symmetry is very important,  espec ia l ly  for 
the  reduction of the truncation e r ro r  in the formulae fo r  the 
even space de r iv a t iv es  (VII-B.l 3) and (VII-B.l 5). Also, by 
de f in i t io n  of the  d e r iv a t iv e ,  th e  a lgeb ra ic  sum o f  th e  
coeff ic ien ts  in each of the expressions (VII-B.l2)-(VII-B.15) 
m ust  identically vanish, which o f fe rs  a s im ple  check on our 
algebra. In fac t ,  the r e s u l t s  (VII-B.l 2)-(Vll-B. 15) have each 
been confirmed by performing Taylor expansions.
Inserting the  expressions (VII-B.l2)-{VIl-B. 15) in to  the 
symbolic  opera to r  (VII-B.5), we m ust  now solve the  l inear  
s y s tem  of N equa t ions  (VII-B.8) for  the  X j ,k + 1 • w h ere
j=0 ,1 ,2  N - l .  The usual algorithm of Gaussian e l im ina t ion
requ ires  0(N3 ) opera t ions .  This number of c a lcu la t io n s  is 
based on the  assum ption  tha t  the  m atr ix  of the  s y s te m  is
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"full," th a t  is, has  few zero  e lem e n ts .  However, we have 
ca re fu l ly  manipulated th ings  so  th a t  t h e  m a t r ix  of  the  
sys tem  (VII-B.8) contains only a narrow band of bandwidth 
3+3+1=7 of non-zero e lem ents  about the diagonal. The number 
of required operations of th is  "banded" system  can be shown 
to  be only of 0(Nx32 ).183 In our s im ulat ions,  we have chosen 
the  radial  grid spacing A r=10"2 . Then w e  have N=100, and 
the banded algorithm saves a significant amount of computing 
power.  The a c tu a l  so lu t ion  of th e  s y s te m  (VII-B.8) is 
computed w ith  th e  SLATEC library routine SNBFS. We remark 
tha t ,  s ince  a typical s imulat ion  run t im e  is a scaled t im e 
interval AT=1.0 and cos ts  approximately 40  minutes priori ty 
1.0 CRAY CPU tim e,  as a p rac t ica l  m a t te r ,  th e  numerical 
so lu t ion  of our problem cannot be a t t a in e d  w i th o u t  the  
savings gained from the banded algorithm.
We now specify the  boundary conditions for  (VII-B.l) . 
Near the  magnetic  axis (r=0), w e  require  tha t  th e  magnetic 
Hamiltonian X be an analytic  function of th e  minor radius r. 
The analyticity  requirement simply means tha t  X=X(r 2 )* Then 
we have a symmetry about the magnetic axis,
, e 3 J.  M. Ortega and W. G. Poole ,  Jr. ,  An I n t r o d u c t i o n  t o  N u m e r i c a l  
M ethods  f o r  D i f f e r e n t i a l  E q u a t io n s ,  (Pi tman ,  Marshfield,  Mass., 1961),  
pp. 8 4 -9 6 .
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X-j.k = * ] >  (VII-B.16)
which i s  r e l a t i v e l y  s im p le  to  im p lem en t  w i th in  th e  
framework of the  banded algorithm. At the plasma boundary 
(r=l) ,  w e  specify th e  edge loop voltage (III-C.13). In scaled 
units, th e  edge loop voltage is  jus t
e x / e t  = V(r=1 ,t). (VII-B.l 7)
In ac tua l  tokamak experim ents ,  the  edge voltage is  o f ten  
preprogrammed or  se t  by a feedback system  to  mainta in  a 
c e r t a in  value of the  to ta l  toro idal  cu r ren t  I. In tegrat ing  
equation (VII-B.l 7). we have the  sim ple  Dirichlet  boundary 
condition
XN.k = Xn .O * ; o kAt V(r= 1 ,t) dt. (VI I-B.18)
Of course ,  implementing the  boundary condition (VII-B.l 8) 
with in  th e  framework of the  banded algorithm is somewhat 
d if f icu lt ,  s ince no numerical values Xj.k ex i s t  for j>N. This 
means th a t  derivat ive  formulae (VII-B.l2)-(VII-B.l  5) are  no
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longer app l icab le  for  the  equa t ions  of  (VII-B.8) a t  the  
posit ions j=N-2 and j=N-1. In order to overcome th is  problem, 
we adopt the  following procedure. F irs t ,  w e  co n s t ru c t  non­
cen te red ,  unsymm etr ic ,  but s t i l l  0 (A r4 ) f in i te  d i f fe rence  
approximations for the  de r iva t ives  a t  posi t ions  j=N-2 and 
j=N -1 .  The d e r i v a t i v e  fo rm u la e  a r e  c o n s t r u c t e d  by 
d if fe ren t ia t ing  the  s ix th -o rder  Lagrange polynomial Lg(r) of 
(VII-B.9) and a seventh-order  Lagrange polynomial Ly(r). The 
higher order  Lagrange polynomial Ly(r) is  required for the 
approximation  to  d 4 X / d r 4 because  we in s i s t  th a t  all our 
der iva t ive  formulae be a t  l e a s t  0 (A r4 ), even if they do not 
display any p a r t ic u la r  symmetry .  Next, w e  incorporate  our 
Lg(r) and Ly(r) der iva t ive  approximations in to the  symbolic 
opera to r  (VII-B.5). Finally, we a lgebraical ly  e l im in a te  all 
undesirable  unknowns from the  j=N-2 and j=N-1 equations,  
reducing th e s e  equa t ions  to  th e  proper banded form. For 
completeness ,  we l is t  the  additional der ivat ive  formulae we 
have derived for th is  procedure. At the posit ion j=N-2,
(dX/er)N_2,k = (*N-6,k " 8XN-5,k + 3°XN-4,k '  8 0 XN-3,k 
+ 35XN-2.k + 2 4 *N-1,k “ 2 XN,k)/ 6 0 A r  
+ 0 (A r6 ), (VII-B.l 9)
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( e 2 X / d r 2 )N_2 fk = <2 XN-6,k  " 1 2 XN-5,k  + 1 5 XN-4,k
+ 200XN-3,k - 420XN-2,k + 2 28 XN-1 .k
- 13XN,k) /1 8 0 A r2 + O(Ar5), (VII-B.20)
( a 3 x / a r 3 )fg_2,k = ( "X N -6 ,k  + 8 XN-5,k  " 2 9 XN-4.k
+ 4 8 XN-3,k  " 3 3 XN- 2 , k  + 8 Xn - 1 ,k
+ XN,k)/QA r3 + 0(Ar4), (VII-B.21)
and
(a4 X/ar4 )N. 2 ,k = (XN-7.k " 8XN-6,k + 27XN-5,k
-  4 4 XN-4,k  + 3 1 XN-3,k  ■ ^ X N - l . k
+ 4 XN,k)/ 6 A r4 ♦ o(Ar4 ). (VII-B.22)
At the posit ion j=N-1,
(a x /a r )N_lfk = (-2XN-6,k + 15XN-5.k " 5°XN-4,k
+ 100XN-3,k “ 15°XN. 2 ,k + 77Xn- 1 ,k
+ 10XN,k)/ 6 °Ar + 0(Ar6 ). (VII-B.23)
(a2X /a r2)N_l f k = M 3XN-6,k + 93XN-5,k " 285XN-4,k
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+ 4 7 0 X N - 3 ,k  " 2 5 5 XN-2,k  " l 4 7 XN-1,k  
+ !37XN,k)/180A r2  + 0 (A r5 ),(VII-B.24)
( d 3 X / ^ r 5 )N. 1ik = (XN-6,k  “ 8 XN-5,k  + 2 9 XN-4,k
'  6 4 XN-3,k  + 8 3 XN-2,k  -  5 8 XN-1 ,k 
+ 15XN,k)/8Ar3 + 0 (A r4), (VII-B.25)
and
(d4 X /d r4)N_lfk = (-4XN-7.k + 33XN-6,k “ 120XN-5,k
+ 251 XN-4,k  -  3 2 4 XN-3,k  + 2 5 5 XN-2,k
- 112XN-1.k + 21XN,k)/6 A f4  
+ 0(Ar4). (VII-B.26)
Later,  we will a lso  need to  ca lcu la te  der iva t ives  a t  the 
plasma edge. The required formulae at  the position j=N are
O X / 8 r ) N|k = ( 1 0 Xn _ 6 , k -  ?2 X N -5 ,k  + 2 2 5 XN-4,k
“ 4 0 0 X N-3 ,k  + 4 5 ° X N -2 .k  -  3 6 0 X n -1  ,k 
+ 1 4 7 XN.k)/ 6 0 A r  + ° ( Ar6). (VII-B.27)
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M 2 > M r2 )Nik = (137j<N-6.k -  972XN-5.k * 2970XN. 4 ,k
“ 5080XN-3,k + 5265XN-2,k " 3132Xn-1 ,k 
+ 812XN,k)/ l 8 0 A r 2  + ° ( A r 5), (VII-B.28)
(d3X / a r 3)Ntk = (15?(N-6.k - 104XN-5,k + 3°?XN-4,k 
'  496XN-3,k + 461XN-2.k _ 232XN-1,k
+ 49?(Nfk) /8 A r 3 + 0 (A r4 ), (VII-B.29)
and
(a4 * / a r 4 )Ntk = (-21XN-7,k + 184XN-6,k - 5 5 5 XN-5,k
+ 1056XN_4tk - 12 19 XN-3,k + 8 5 2 XN-2,k 
- 333XN-1 ,k + 56?(N,k)/8Ar4
♦ 0 (A r4 ). (VII-B.30)
Note tha t  the  algebraic sum of the coeff ic ien ts  in each of the 
express ions  (VII-B.l9)-(VII-B.30) vanishes,  as i t  must .  The 
r e s u l t s  (VII-B.l 9M VII-B.30)  have also each been confirmed 
by performing Taylor expansions.
The c o n s is ten t  use  of f in i te -d i f fe ren ce  approximations 
w ith  spatia l  e r ro rs  of 0 (A r4 ), or bet ter ,  and the 0 ( A t 3 ) local 
temporal  d i s c re t iz a t io n  e r ro r  of (VII-B.8) insures  a global
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disc re t iza t ion  e r ro r  of 0 ( A t 2 +Ar^), as previously mentioned. 
A specif ica t ion of the ini t ia l  values
Xj,o  = ?C(r=jAr,t=o), (VII-B.31)
where  j= 0 ,1 ,2  N, and t h e  r e s i s t iv i t y  p ro f i le  7\(r, t)  then
com ple tes  our numerical method for  the  m ean-f ie ld  Ohm's 
law (VII-B.l).
S ec t ion  VII-C. Delta P r im e  A nalys is
Having obtained the poloidal magnetic flux or magnetic 
Ham il ton ian  func t ion  X. w e can  c a l c u l a t e  all r e lev an t  
m a g n e t ic  q u a n t i t i e s .  That  is, w e  can u s e  th e  f i n i t e -  
d i f f e re n c e  approxim ations  Xj.k to  XCr »t) genera ted  by the 
system  (VII-B.8) and the formulae (VII-B.l 2 )-(VlI-B .15) and 
(VII-B.l 9)-(VII-B.30) to  de te rm ine  approximations for  the  
magnetic derivatives  6%/dr,  d2X /a r2 , d^%/dr^t and 
In units of t(a/Ro)-BQ], the  poloidal magnetic field is
Be  = d X / a r . (VII-C.1)
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As previously mentioned, the  rotational t ransform  is
i  = ( 1 / rX e x /a r ) .  (VII-C.2)
while i t s  derivatives are
d i / d r  = (1 / r ) (d 2 X /a r2 ) -  ( 1 / r 2)(dX/6r) (VII-C.3)
and
d2i/dr2 = (1/r)(d3X/dr3) - (2/r2)(a2X/ar2)
+ ( 2 / r 5 )(dX/ar). (VII-C.4)
In un i ts  of [(c/4rc)(a/Ro)(Bo/a)J, the toroidal cu r ren t  density 
is
jz = v 2 X = e 2 X / a r 2 + ( 1 / r X a x / a r ) .  (VII-C.5)
while  i t s  derivatives are
6jz/dr = a3X/6r3 + (1/r)(a2X/ar2) - ( l / r 2)(dX/dr) (VII-C.6)
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and
d 2 j z / d r 2 = d 47(/<3r*4 + (1/ r ) (d 3X /d r3 ) - ( 2 / r 2 )(d2%/dr2 )
* ( 2 / r 3)(e?C/dr). (VII-C.7)
From th e  fo rm u lae  (VI1-C.1) - ( V11-C.7). no te  t h a t  the  
sym m etry  re la t io n  (VJI-B.16) guaran tees  th a t  the  poloidal 
m agnet ic  field on axis Be (r=0)=0 and th a t  th e  der iva t ives  
(Bj/Br)o=2*(di/dr)Q=0, so  all magnetic functions are  w el l -  
behaved. Further,  note th a t  the  cen t ra l  cu r ren t  density  and 
t r an s fo rm  are  r e la ted  by jo = 2 - io = 2 * (d 2 X / d r 2 )o. We also 
rem ark  tha t ,  as  a p ra c t ic a l  m a t t e r ,  one should a lw ays  
c a l c u l a t e  the approximations for th e  m agnetic  der iva t ives  
(VII-B .12}-(VII-B.15) and {VII-B.l 9 )-(VII-B .30)  p r io r  to  
cons tructing  th e  magnetic functions (VII-C.l )-(VII-C.7). That 
is, one should not a t tem pt  to  simply add-up all the various 
Xjtk 's  in the magnetic functions all a t  once. Experimentally, 
we have found th a t  f i r s t  calculating the  magnetic derivatives 
actually  reduces the  error  in formulae (VII-C.l )-(VII-C.7).
The determination of the  mean-field magnetic quant i t ies  
furnishes us w i th  all the information required to  perform the
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A 'nrT1 s tab i l i ty  analysis  discussed in chapter  IV. We begin by 
using a l inear interpolation formula to  locate  the  posit ions of 
th e  var ious  mode ra t iona l  su r fa c e s ,  i ( r n m )=n/m. in our 
s im ulat ions,  we examine the  s tab i l i ty  of all poloidal modes 
w ith  mode numbers (n/m)<1.0 and m<12, in to ta l  41 poloidal 
modes. Having determined values for the ro tational t ransform  
i ,  the  c u r r e n t  g rad ien t  d j z / d r ,  and the  ra t iona l  s u r fa c e  
posit ions r nm, we solve for the  perturbation amplitudes Xnm 
by integrating (VII-A.10), the marginal s tab i l i ty  equation,
^ ± 2 X n m  =  ^   ^ d jz /d r J A ’i-n /m )]  X n m *  (VII-C.8)
The solution of the  s tab i l i ty  equation (VII-C.8) is obtained by 
implementing an 0 ( A r 5 ) Runge-Kutta-Nystrom in teg ra t io n  
scheme.184,185 The integration process  is greatly accelera ted  
by in tegra t ing  all 41 poloidal modes simultaneously ,  using 
the vectorization property of the  CRAY supercomputer.186
Without going into deta i l  about the  Runge-Kutta-Nystrom 
algorithm, le t  us descr ibe  the  general in tegra tion procedure.
184E. J .  Nystrom, Acta Soc. Scl. fennicae 5 0  (1925).
i a s E. Kreyszig,  A dvanced  E ng inee r ing  M a t h e m a t i c s ,  (Wiley, New York,
1979),  pp. 8 0 0 -004 .
186M. Metcalf ,  FORTRAN O p t i m i z a t i o n ,  (Acad. Pr .,  London, 1985),  pp. 
191-197.
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Firs t ,  we loca te  the  grid point i such th a t  th e  resonan t  
su r face  posit ion r nm obeys the re la t ion  n < r nm< r i+ i ,  where 
the  rad ia l  pos i t ion  r | =i/N. Next, using the  Runge-Kutta-  
Nystrom algorithm, we obtain an inner computer solut ion for 
Xnm in the  in te rva l  [0, q ] ,  coming out of th e  ax is  as 
j(n m ocrm gnm ( r 2 ), which is j u s t  the  ana ly t ic i ty  boundary 
condition. Similarly ,  we obtain an ou te r  com puter  so lu t ion  
for Xnm in ttie interval [q+ i ,1 ]  by integrating (VII-C.8) from 
the plasma edge, enforcing the condition dXnm/(lr::“m Xnm a* 
the  pos i t ion  r = l .  That is, at  th e  plasma edge, w e  have 
assumed the  absence of any s tabil iz ing conducting wall  and 
taken the  vacuum boundary condition, Xnmocr”m o^r  r—  ^•
In the  in terval  [q ,  q  + j] , com puter  so lu t ions  a re  not 
feas ib le  because the  per tu rba t ion  amplitude Xnm* although 
perfec t ly  well-defined ,  has a logarithmic singular i ty  in i t s  
derivat ive  dXnm/ d r  a t  the  rational surface  r=rnm. In order to  
overcome th is  com plica t ion ,  w e  develop s e r i e s  so lu t ions  
about the  point r=rnm, a procedure already d iscussed  a t  the  
end of section IV-C. The se r ies  solutions are  then a t tached to  
the inner and ou te r  computer solutions a t  the  grid points q  
and q + j .  The method we use is only slightly d i f fe ren t  from 
tha t  found in th e  c l a s s i c  work of Furth, Rutherford ,  and
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Selberg.107 Expanding about r=rnm, recall  from section IV-C 
that  the  s tabil i ty  equation (VII-C.8) reduces to
d 2 4 n m / d y 2  = (K/ y )  4>n m , (VI1-C.9)
where the function
W y )  = Xnm(r), (VII-C.l 0)
the coordinate
y = (r - rnm)/ r nnv (VII-C.l 1)
and we interpolate to  obtain the coeff ic ient
K = E(dJz /d r ) / (d t / d r ) ]  | r =rnrn- (VII-C.12)
Using the  method of Frobenius,188,169 i t  is s tra igh tfo rw ard
187H. P. Furth, P. H. Rutherford, and H. Selberg, Phys. Fluids 16, 1054 
(1973).
188C. M. Bender and S. A. Orszag, Advanced M athematical Methods fo r  
S c ie n t is ts  and Engineers, (McGraw-Hill, New Vork, 1978), pp. 68-76. 
,89E. Kreyszlg, Advanced Engineering M athem atics , (Wiley, New York, 
1979), pp. 164-174.
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to  show tha t  tw o  independent se r ie s  so lu t ions  to  (VII-C.9) 
are
(y) = 1 + k y i n | y  | + (k 2/2 )  y2 in |  y | - (3 /4)  k 2 y2
(VII-C.l 3)
and
4>2 ( y )  = y + (k / 2 ) y 2  + (»<2 / i 2 ) y3 + - .  ( v i i - c . m )
We now requ ire  th a t  th e  per tu rb a t io n  am pli tude  4>nm be 
continuous across  y=0t but allow for a jump in the derivat ive  
d$nm/dy a t  th i s  point. From equations (IV-C.21 M IV -C .25) ,  
recall  tha t  the  jump [d<l>nm/dy] rep resen ts  the  spikey curren t  
d is t r ibu t ion  c rea ted  in the  vicinity of a magnetic island. The 
inner and outer  se r ie s  solutions $ i n(y) and <*>out(y) a re  then
$ in(y) = *nm<°> * 1 ^ )  + Ain $ 2 ^ 0  (VII-C.15)
and
W y )  = ‘W 0 ) * i ( y ) + Aout * 2 (y>- (vn-c.ie)
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The c o n s ta n t s  and A |n of equation (VII-C.l 5) a re
obtained by matching the inner computer solution Xnm(r 0  and 
i t s  d e r iv a t iv e  (dXn m / d r ) r . to $ i n (y) and d $ j n/dy a t  the  
posit ion y=(ri-rnm) / r nm. Similarly, the  cons tan ts  ^ n m ^  and 
Aout equation (VII-C.l6) are obtained by matching the  
o u te r  c o m p u te r  so lu t io n  Xnm(r i + l )  and d e r iv a t iv e  
( d Xnm/ d r V i . i  t0  ^ou t(y )  and ^ o u t ^ y  a t  the  pos i t ion1 + I
y=(ri+i - r nm) / r nm. Note th a t  the cons tant  can be set
th e  same for both re la t ions  (VII-C.15) and (VII-C .l6) since 
th e  equat ions  (VII-C.8) and (VI1-C.9) for th e  per tu rba t ion  
amplitudes Xnm and ^nm a re  both l inear and homogeneous.
A fte r  obtaining the cons tan ts  Ajn , and Aout ,  we
use the definit ion (VII-A.14) of A 'nm to  ca lcu la te  tha t
A'nm = (Aout " A jn )/[rnm*<l>nm(0)]. (V II-C .l 7)
We see th a t  the  logari thmic singular i ty  of th e  der iva t ive  
d4>t /dy cance ls  i t s e l f  in A Jnm , leaving us w ith  the  f in i te  
res idue  (VII-C.l 7). The e n t i r e  machinery of our  numerical 
method for  (V-C.13) is now in place.  That is , the s tab i l i ty  
fac to rs  A ‘nm determine th e  island widths w nm . The island
w idths  then determine the  curren t  v iscos is ty  X. But the 
curren t  viscosity feeds back into the current  profi le  via the 
poloidal flux evolution. Since the A 'nm are  detemined by the 
shape of the current profile alone, we therefore  have a se l f -  
c o n s i s te n t ,  c losed physical  theory. A f te r  in i t i a t in g  our 
numerical procedure, we simple continue integrating until we 
reach a s te a d y - s ta te .  The rea l iza t ion  of a s t e a d y - s t a t e  is 
qu i te  evident ,  being c h a ra c te r iz e d  by the  loop vo l tage  
becoming a spatial  constant across  the  plasma and 
the  stabil izat ion  of all excited tearing modes, A 'nm:sO, the 
marginal stabil i ty  condition (IV-D.5).
CHAPTER VIII. INDUCTIVELY DRIVEN TOKAMAK
S ec t ion  VIII-A. Tokamak T em pera tu re  P ro f i l e
This chap te r  contains  the r e su l t s  of our s im ula t ions  of 
inductively driven tokamaks. That is, w e now use th e  s e t  of 
sca led  equa t ions  (VII-A.7)-(VII-A.10) to  model tokamaks 
which m ainta in  th e i r  toroidal c u r re n ts  via the  t r an s fo rm e r  
induced loop voltage of sect ion  III-C. These sim ulat ions are 
of in te re s t  because the  present  generation of tokamaks rely 
primarily on loop voltages for th e i r  cu rren t  maintenance. In 
sec t io n  VIII-B, we use  the  r e s u l t s  of our s im u la t ions  to  
exam ine  the MHD s ta b le  reg im e of tokam aks  which a re  
sub jec t  to  tearing modes. The MHD-stable regime is  examined 
by plott ing the  r e su l t s  of our s imulat ions in Hj-qa space .190 
The plasma internal inductance Jlj and edge safe ty  fac to r  qa 
a re  physical quan t i t ie s  which a re  re la te d  to  th e  toroidal 
cu r ren t  and are  subject  to  external experimental verif ication.  
Before presenting th e s e  re su l t s ,  however,  we s t i l l  need to 
d iscuss  a few more preliminary details .
,90C. Z. Cheng, H. P. Furth, and A. H. Boozer, Plasma Phys. end Contr. Fusion 
2 9 ,  351 (1987).
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One important preliminary detail  is the fac t  tha t  we 
must s t i l l  specify the form of the plasma res is t iv i ty  Tx(r.t). 
Using re la t ion  (1I-C.16), we see  tha t  a specif ica t ion of the 
plasma res is t iv i ty  is roughly equivalent to  a specif ication of 
the electron  temperature,  so we init ial ly focus our a t tention 
on the  function Te (r, t) .  We say roughly equivalent because if 
one includes the neoclassical e f fe c t s  of section VI-A in the 
calculation of the plasma res is t iv i ty ,  one finds t h a t 191
Tine = n c l / [’ -  2 (r/R0 ) 1/ 2 J. (VII1-A.1)
In any case,  from inductively driven tokamak experiments ,  
one can say tha t  the  general behavior of  the function Te  is 
r a th e r  well-known. That is, by ca re fu l ly  measuring the 
Thomson scat te r ing  of intense laser  l ig h t192,193 or e lectron 
cyc lo tron  em iss ion  s p e c t r a ,194,195 exper im enta l  plasma 
p h y s ic i s t s  have de term ined  th a t  th e  tokamak e le c t ro n  
temperature profile generally has a strong peak in the plasma
191F. L, Hinton and C. Oberman, Nuc. Fusion 9, 319 (1969).
192D. E. Evans and J. Katzensteln, Rep. Prog. Phys. 3 2 ,  207 (1969).
,93N. J . Peacock, D. C. Robinson, M. J. Forrest, P. D. Wtlcock, and V. V. 
Sannlkov, Nature 224, 448 (1969).
,94F. Englemann and li. Curatolo, Nuc. Fusion 13, 497 (1973).
195A. E. Costley, R. J. Hastie, J. W. M. Paul, and J. Chamberlain, Phys. Rev. 
Lett. 3 3 ,  750 (1974).
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center ,  an e f f e c t  due to  the thermal ins tab il i ty  d iscussed  in 
sect ion  IV-D. From a theore t ica l  point of view, w e should be 
able t o  determine the exact  form of the  e lec tron  tem pera tu re  
profi le  by solving a hea t  equation. The heat equation can  be 
derived by tak ing  th e  (1 /2 )m e v2 moment of th e  k in e t ic  
equation (II-B.l)  and has the general form196
e(3neTe / 2 ) / a t  = V - U j V  Te ) + P0 hm- (VI1I-A.2)
where k x is th e  c ro s s - f ie ld  e lec t ro n  therm al conductiv i ty  
and th e  total Ohmic heating is
p Ohm = “Hi2 + X[V(j,|/B)]2 , (VIII-A.3)
with th e  X te rm  rep resen t ing  the  e f f e c t s  of f lu c tu a t in g  
magnetic  f ie lds .  Because the Ohmic heating depends on the  
tokamak cu rren t  and th e  curren t  d is t r ibut ion  depends on the  
r e s i s t i v i t y  or tem p era tu re ,  t h e  hea t  equa t ion  (VIII-A.2) 
couples to Ohm’s law in a complicated way.197 However, even 
without these  complications, th e re  ex i s t s  a very real  problem
,96T. J. M. Boyd and J. J. Sanderson, P lasm a Dynamics, (Barnes & Noble, 
New York, 1969), pp. 35-43.
,97M. F. Turner and J. A. Wesson, Nuc, Fusion 22 , 1069 (1982).
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with th e  heat equation approach of determining th e  e lec tron  
tem p era tu re  profile .  That is, the re  is  no agreed upon theory 
of e lec t ro n  heat t ranspor t  with  which one can ca lcu la te  the  
thermal coeff ic ien t  k ^.  In fact ,  as was  mentioned a t  the  end 
of sec t ion  II-B, so-ca l led  anomalous processes  dominate the  
tokamak e lec t ron  heat t ranspor t  and, a t  present ,  we simply 
do not fully unders tand  th e  n a tu re  of t h e s e  p ro ce s se s .  
Because of th i s  somewhat sorry s t a t e  of a f f a i r s ,  bes ides  
adding an addi t iona l  t e rm  such a s  (IV-B.35) to  k x to  
r e p r e s e n t  the  enhanced the rm al  d i f fu s iv i ty  in reg ions  
containing magnetic islands,  perhaps the  best  w e  can do in 
our re search  is to  se t  the plasma thermal conductivity equal 
to  a constant ,
k *  (MO20 n r V 1 , (VIII-A.4)
where C is  some number, 1 <C<5. The numerical value for the  
conductiv i ty  (VIII-A.4) is chosen to  be co n s is ten t  with th e  
experimentally measured values of Ohmically heated tokamak 
plasma energy confinement.  In fact ,  if we use th e  therm al 
conductivity (VIII-A.4) and scale  the heat equation (VIII-A.2),
21 1
we find tha t  the  energy confinement t im e  z E sca les  with the  
line-averaged density Ke like
z E « ( 0 .5 x io - 20 m-s) n^ a2 , (VIII-A.5)
which is a commonly used empirical  formula ca l led  Alcator  
sca l ing .198 However, th is  a posteriori  approach for obtaining 
a thermal conductivity hardly seem s like a ju s t i f i c a t io n  
for introducing the  theore t ica l  machinery of (VIII-A.2) in the  
f i r s t  p lace .  Another  p o ss ib i l i ty  is  to  a s su m e  th a t  th e  
a n o m a lo u s  t r a n s p o r t  i s  due t o  so m e  p a r t i c u l a r  
m ic ro in s ta b i l i ty  such as  d r i f t  waves,  a c u r r e n t  favo r i te  
c a n d id a te .199 For the  dr if t  wave case,  i t  can be shown tha t  
one expects  a scaling like
K± Te 3 / 2 . (VIII-A.6)
so the  thermal conductivity is large in the plasma interior.  
However, many other  competing theories have been proposed.
190M. Gaudreau, A. Gondhalekar, M. H. Hughes, D. Overskef, D. S. Pappas, R. 
R. Parker, S. M. Wolfe, E. Apgar, H. I. Helava, I. H. Hutchinson, E. S. Mermar, 
and K. Molvlg, Phys. Rev. Lett. 3 9 ,  1266 (1977).
,99D. W. Ross, P. H. Diamond, J. F. Drake, F. L. Hinton, F. W. Perkins, W. M. 
Tang, R. W. Waltz, and S. J. Zweben, IPSG Panel Rep., (Univ. of Texas, Austin, 
1987).
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In o rder  to  learn something about the  plasma physics 
involved, several  a t te m p ts  w ere  made to  couple the  tear ing 
mode model (V-C.13) to  a heat equation model (VIII-A.2) with 
a thermal conductiv i ty  such as (VIII-A.4) o r  (VIII-A.6). 
Unfortunately, none of these  a t te m p ts  was  really  successfu l  
in learning anything, except perhaps th a t  th is  is not a good 
way to  approach the  problem, which is  maybe s ign if ican t  
a f t e r  a l l .  That is, by adding so many e x t ra  th e o re t i c a l  
a s s u m p t io n s  to  our  model,  i t  b ecam e  im p o s s ib le  to  
d ise n tan g le  the  r e s u l t s  of th e  coupled hea t  and cu r ren t  
equations w i th  any degree of ce r ta in ty ,  especial ly  when the 
numerical code crashed or had other  in te res t ing  d i f f icu l t ie s .  
We the re fo re  learned the  hard way tha t  i t  is much b e t t e r  to 
s t a r t  by building on things which are theore t ica l ly  understood 
o r  have s t ro n g  e x p e r im e n ta l  suppo r t .  A t te m p t in g  th e  
com ple te  o r  pe r fec t  ca lcu la t ion  right a t  the  s t a r t  is a nice 
idea in principle, but in p rac t ice  it  is really a mild form of 
insanity .  We discovered tha t  a much b e t te r  procedure is to 
l im i t  the  amount of new assumptions in our physical model, 
an undoubtedly more modest endeavor which does, however, 
enable one to  more c lear ly  identify the  consequences of the
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new assumptions.
In our case,  i t  is well-known experimentally tha t  the 
electron tem perature  is basically a function which is peaked 
in the  plasma ce n te r  and vanishingly small  a t  the plasma 
edge. Since we a re  not really in te re s ted  in t e s t in g  th is  
result ,  we may as well ju s t  use i t .  For th is  reason, w e have 
chosen the shape of the res is t iv i ty  profile to  be
n  = (1 - r 2)-°<, (V III-A .6 )
the inverse of a parabola to  some posit ive power o<. Note that 
for s implicity we have chosen n=Ti(r), independent of t ime. 
Also, we need only give the  shape of the res is t iv i ty  profile,  
s ince in the scaled model equations (VII-A.7MVII-A.10) the 
abso lu te  magnitude of the  r e s i s t iv i ty  can be ad jus ted  by 
scaling the loop voltage. In our simulations, we have chosen 
res is t iv i ty  shape parameters  ot in the range [2.0, 4.0].
Before leaving the subject  of the e lec t ron  temperature,  
l e t  us m en t ion  t h a t  high t e m p e r a tu r e  e f f e c t s  a re ,  
nevertheless,  of some in te res t  for analyzing the stab il i ty  of 
tearing modes. This is because the  approximate relation
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jz K n oc Te 3 /2 (VII1-A.7)
ind ica tes  th a t  a f la t ten ing  of the e lec t ron  tem p era tu re  can 
lead to  a f la t ten in g  of the  toro idal  cu r ren t .  This cu r ren t  
f la t ten ing  is  a s tab i l iz ing  e f f e c t  for the  tear ing  modes, if 
t h e  f la t t en in g  occurs  nea r  a resonan t  s u r fa c e  r n m . This 
means tha t  in tense  local heating, such as e lec t ron  cyclotron 
resonance heating, may be a viable procedure for s tabil iz ing 
tear ing  modes.200 Although i t  does not d irec t ly  involve the 
e lec t ro n  tem pera tu re  profile ,  we a lso  mention th a t  an even 
more powerful approach to  obtaining tear ing  mode s tab i l i ty  
would be a so-ca l led  ac t ive  feedback s tab i l iza t ion  sys tem  in 
which ex terna l  magnetic loops exactly match the  hel ic i ty  of 
u n s ta b le  t e a r in g  modes as  they o cc u r .201 While th e s e  
s t a b i l i z a t i o n  te c h n iq u e s  a r e  f a i r ly  w e l l -k n o w n ,  t h e i r  
im plem enta t ion  might have important  im pl ica t ions  for the  
next generation of tokamaks such as ITER.202
200A. H. Glasser, H. P. Furth, and P. H. Rutherford, Phys. Rev. Lett. 38, 234 
(1977).
2 0 1 V. V. Arsenin, L. I. Artemenkov, N. V. Ivanov, A. M. Kakurln, L. I. 
Molotkov, A. N. Chudnovsklj, N. N. Shvlndt, Yu. V. Gvozdkov, and M. Yu. 
Cherkashln in P la sm a  P h y s ic s  and C o n tro l le d  N uc lea r  Fusion 
R esearch  1978, (IAEA, Vienna, 1979), Vol. 1, p. 233.
202K. Tomabechl, J. R. Gilleland, Yu. A. Sokolov, R. Toschl, and ITER Team, 
Nuc. Fusion 3 1 ,  1335 (1991).
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Having chosen th e  re s i s t iv i ty  p rof i le  as (V1I1-A.6), w e 
in i t i a l iz e  our s im ula t ions  by assuming a quas i-s teady s t a t e  
w ith
j(r, t=0) = V(t=0)/Ti = 2 (1 -  r 2 K  (VIII-A.8 )
w here  we have chosen V(t=0)=2.0 so tha t  the cen t ra l  sa fe ty  
f ac to r  qo(t=0)=1.0. This quasi-s teady assumption is made in 
o r d e r  to  avoid i s s u e s  r e l a t e d  t o  anom alous  c u r r e n t  
penetra t ion  due to  the  current viscosity  X.203 In principle, as 
f i r s t  d iscussed  in sec t ion  III-C, the re la t ionship  between X 
and curren t  penetration is an in te res t ing  research  problem. In 
p rac t ice ,  however, w e  have found it to  be a com plicat ion  in 
ca rry ing  out our s im ula t ions .  The d i f f i cu l t ie s  encountered  
w i th  the  curren t  penetra t ion  a re  re la ted  to  the  higher o rder  
t e a r in g  modes which tend to  form near  the  p lasma edge 
during the  onse t  of th e  skin curren t .  A higher order  tear ing  
mode occurs when the  ro ta t iona l  t ransfo rm  p ro f i le  is non­
monotonic across  the  plasma minor radius.  This means th a t  a 
r a t io n a l  s u r fa c e  r nm which s a t i s f i e s  i.(rnm )=n/m can  be 
found a t  more than one radial posit ion. Higher o rder  tear ing
203J, Schmidt and S. Voshtkawa, Phys. Rev. Lett. 2 6 ,  753 (1971).
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modes a re  inherently  u ns tab le .204 Using th e  in i t ia l  curren t  
densi ty  (VIII-A.8 ), we in te g ra te  to  get th e  scaled in i t ia l  
poloidal magnetic field,
Be (r,t=0) = J 0 r j (r , t=0)rdr = [ l - d - i -2 )0**1 ]/[(<** 1)r]. (VIII-A.9)
Then w e  use  (VIII-A.9), re la t ion  (VII-C.1), and a b e t t e r  than 
0 ( A r 6 ) New ton-Cotes205 numerical  in teg ra t ion  formula to 
determine the  init ial  values Xj.o*
Another preliminary detail  concerns the edge loop voltage 
boundary condition (VII-B.17). For the  edge loop voltage,  we 
have chosen the  function
V(r=1 ,t) = 2.0 + AV [1 - exp(-IOt)]. (VIII-A.10)
Since the  typical s imulation run t im e  in scaled t im e un i ts  is 
ATssI.O, using the boundary condition (VIII-A.10), the  s teady- 
s t a t e  loop voltage is ju s t  V(r=1 ,t=AT)«2.0+AV. The o f f s e t  
votage AV has been included in (VIII-A.10) because w e wish 
to  examine the  e f f e c t  of increasing the  s t e a d y - s t a t e  loop
2 0 4 H. p . F urth ,  P. H. R utherfo rd , and H. S elberg , Phys. F luids 1 6 ,  1054 
(1973).
205F. B. Hildebrand, In t ro d u c t io n  to  Numerical Analys is ,  (McGraw Hill, 
New York, 1956), p. 73.
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voltage V w ith  fixed re s is t iv i ty  profi le  shape param eters  oi. 
This process  s im u la te s  the  e f f e c t  of progressively  driving 
la rge r  to ro idal  cu r ren ts ,  while  mainta in ing  the  underlying 
shape of the r e s i s t iv i ty  profile. For the various fixed values 
of o<, we have made s im u la t ions  with  AV in th e  range 
[0 .0 ,2 .01.
Finally, from Ohm's law (VII-A.7), it is important t o  note 
th a t  increasing the s t e a d y - s t a t e  voltage to  a value V>2.0 
ca u ses  the cen t ra l  sa fe ty  fac tor  to  drop to  a value q o < 1 .0 . 
As discussed in section IV-D, a sa fe ty  fac to r  qo<1.0 exc i te s  
the  m=1, n=1 sawtooth  instabil i ty .  In order to  crudely model 
the  t im e-averaged  e f f e c t  of these  sawtooth  osc i l la t ions ,  we 
use the  Kadomtsev reconnection theory and t r e a t  the  region 
about the magnetic axis as an e f fec t iv e  magnetic island, with 
an island half-w id th  r s (t). For the inductively driven tokamak 
case ,  we tak e  r s as th e  location r^  ^ of th e  ( 1, 1) tear ing  
mode s ingu la r  su r face .  For th e  m=1 c o n t r ib u t io n  t o  the 
cu rren t  v iscosi ty  X, w e  therefore  add a te rm  to  (VII-A.8 ) of 
the form
Xs (r . t )  = n ( 0 . t )  ( 2 r s )2  e x p ( - r 2 / r s 2 ), (V I I I -A .1 1)
218
w here  th e  sca led  r e s i s t i v i t y  ' q ( 0 It )= T \{0 )= 1 .0 .  To b e t t e r  
understand the  e f fec t  of the cu rren t  viscosity  (VIII-A.11) on 
the  sa fe ty  fac to r  qg. w e  s u b s t i tu t e  the express ion  fo r  Xs 
into Ohm's law (VII-A.7). Assuming a s te a d y -s ta te ,  we find
j 0 = V + 2 (2r s )2 (d2 j / d r 2)0 . (VI11-A. 12)
Since our inductively driven tokamak current  profiles  a re  of 
th e  standard,  monotonically decreasing so r t ,  the  curva tu re  
der iva t ive  (d2 j / d r 2 )o<0 and the  e f f ec t  of Xs is to  decrease  
t h e  c e n t r a l  cu r ren t  density  j g .  Then, using the  r e la t io n  
q0 = 2 / j0 . equation (VIII-A.12) shows that Xs wil l  increase  qg 
as the  c u r r e n t  density  f l a t t e n s  about the  axis,  an e f f e c t  
which is in accord w ith  the Kadomtsev reconnection model.
Sec t ion  V1II-B. MHD-Stable Regime of t h e  Tokamak
The MHD-stable regime of th e  tokamak is  examined via 
the  cons truc t ion  of an Hi-qa diagram. Apparently, the  Hi-qa 
approach for analyzing s tab i l i ty  is  of real s ignificance, as  it 
has recen t ly  been used su c ces s fu l ly  in in te rp re t in g  the
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s t e a d y - s t a t e  experimenta l  data from th e  large TFTR206 and 
JET2 0 7  tokamaks. The internal inductance is defined as
Si = <Be 2 >/Be 2 (a), (VIII-B.1)
and is a measure of the  shape of the  plasma cu rren t  profile.  
The formula (VIII-B.1) for follows from the  definit ion of 
the plasma internal energy inductance Lj,
where I is the  to ta l  toroidal current .  That is, a manipulation 
of (VIII-B.2) using Ampere's law (II-A.23) shows th a t
so tha t  the dimensionless quantity £( is actually the internal 
energy inductance divided by (2TtR(j/c2 ). From (IV-D.8 ) and
206C. Z. Cheng, H. P. Furth, and A. H. Boozer, P lasm a Phys. and Contr. Fusion 
2 9 ,  351 (1987).
207J. A. Wesson, R. D. Gill, M. Hugon, F. C. SchQller, J .  A. Snipes, D. J .  Ward,
D. V. B a r t le t t ,  D. J .  Campbell, P. A. Duperrex, A. W. Edwards, R. S. Granetz, 
N. A. 0. G ottardl, T. C. Hender, E. Lazzaro, P. J .  Lomas, N. Lopes Cardozo, K. 
F. Mast, M. F. F. Nave, N. A. Salmon, P. Sm eulders ,  P. R, Thom as, B. J .  D. 
Tubbing, M. F .Turner, and A. Weller, Nuc. Fusion 2 9 ,  641 (1989).
L,I2 / 2  = J 0 a (B02 / 8Jt)d3x, (VIII-B.2)
Lj = (27tR0 / c 2 ) Jlj. (VIII-B.3)
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(II-A.23), the  edge safe ty  fac tor  qa is defined as
qa = l a '1  = ca2 B0 /2R 0 I, (VIII-B.4)
and is thus a measure of the to ta l  toroidal current I.
The m ajor  importance of the param eters  Af and qa is  tha t  
both of th e s e  quant i t ies  are  sub jec t  to  external experimental 
v e r i f i c a t io n  and a re  t h e re fo r e  un iversa l ly  m onitored  by 
plasma physic is ts .  The toroidal curren t  ! can be measured by 
a placing a Rogowski coil poloidally around the  p la sm a .208 
Obtaining a value for the  in te rna l  inductance is  more 
sub t le ,  s in c e  i t  is de term ined  from a s e r ie s  of ind irec t  
m easurements .  F irs t ,  a measurement of the poloidal magnetic 
f ield s t reng th  a t  the  plasma edge al lows a determ inat ion  of 
th e  Shafranov sh i f t  param ete r  A. The sh i f t  pa ram ete r  A is 
defined from the equation209
Bp(a.e) = Be (a)[1 + (A-1)(a /R0 ) cose]. (VIII-B.5)
That is, the  edge poloidal magnetic field Bp(a,e) includes the
208J .  A. Wesson, T o k a m a k s ,  (Clarendon P re s s ,  Oxford, 1987), p. 234.
209V. D. Shafranov In M. A. Leontovlch, R e v ie w s  of P l a s m a  P h y s i c s ,  
(C onsultan ts  Bureau, New York, 1966), Vol. 2, p. 103.
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f i r s t  order toroidal correct ion to  the  magnetic field Bg(a). 
From the  plasma v ir ia l  theorem ,210 it  can be shown quite 
generally tha t  the shif t  parameter A obeys
A = Hi/2 + <0e>, (VIII-B.6 )
where the  volume averaged or mean poloidal beta  <0 e> is 
defined in a manner s imilar  to tha t  of (I-B.5),
<0e > = 87t<p>/B02 (a). (VI1I-B.7)
The mean poloidal beta <0e > i ts e l f  can be determined from a 
diamagnetic measurement of the excluded magnetic flux,211
8)f/ = (2TCI2 /B0c 2) (1 - <00» .  (VIII-B.8 )
That is , 8)ff r e p re se n ts  the to ta l  change in the  toro idal
magnetic flux \fi from i t s  vacuum field value, which can be
m easu red  e x t e rn a l ly  using a d ia m ag n e t ic  loop. The
measurements of A and <£q> allow one to infer the value of
2 , 0 K. Miyamoto, P la s m a  P h y s i c s  f o r  N u c le a r  F u s io n ,  (MIT P r e s s ,  
Cambridge, Mass., 1989), p. 159.
21 ' j .  A. Wesson, T o k a m a k s ,  (Clarendon P ress ,  Oxford, 1987), p. 235.
2 2 2
i [  indirectly from equation (VIII-B.6 ).
In order  to  compare the  experimental tokamak values of 
and qa with theo re t ica l  ones, w e  run our computer  code 
over a large range  of r e s i s t i v i t y  p ro f i les  (VIII-A.6 ) and 
s t e a d y - s t a t e  loop voltages (VIII-A.10). That is ,  we perform 
some 40  inductive ly  dr iven tokamak s im u la t io n s  w i th  
r e s i s t iv i ty  profi le  shape param ete rs  o( in the  range [2 .0 ,4.0] 
and the  s t e a d y - s t a t e  loop voltages V in the range [2 .0 ,4.0]. 
A f te r  each (o<,V) s im u la t ion  lo c a te s  a s t e a d y - s t a t e ,  w e  
c a lc u l a t e  values for  the  in te rna l  inductance  ftf and edge 
safety fac to r  qa from the s t e a d y - s t a t e  magnetic profi les .  In 
Fig. 6 , w e  plot th e  r e su l t s  of our s imulat ions  in the 
plane. Each solid curve in th i s  f igure r ep resen ts  a curve of 
cons tan t  o<, the bottom curve having <*=2.0 and the  top curve 
having <*=4.0. For each solid  curve w ith  f ixed oi, the  loop 
voltage V increases  in the direction from r ight  to left  along 
the curve. In order  to  del imit  the possible  range of cu r ren t  
profiles, we also plot a dashed curve representing the ca se  of 
a maximally peaked current profile  w ith  jz (r) a cons tan t  up 
to  r / a = (q o /q a) 1 / 2  and surrounded by a vacuum region. From 
the  definit ion (VIII-B.1), th i s  means tha t  th e  dashed curve  
represen ts  the function
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Figure 6 . JLj-qa diagram. The internal inductance versus
th e  edge  s a fe ty  fac to r  qa of inductively driven tokamak
s im u la t io n s .  Each solid  curve r e p re se n ts  t h e  r e s u l t s  of  
s im ula t ions  w i th  fixed res is t iv i ty  parameter  ot. The value of 
th e  p a ram e te r  increases  in the direction from the  bottom 
to  th e  top of th e  diagram. For each solid curve with  fixed <*, 
th e  loop voltage V increases  in the  direction from the  r igh t  
to  th e  le f t  along the  curve. The dashed curve i s  the  function 
M ax U i)= (1 /2 ) [ l  +2ln(qa/q(j)]  for  qQ=1.0. Note th a t  th e  solid
s im ula t ion  curves  run into an upper s tab i l i ty  w al l  n e a r  the  
top p a r t  of th e  diagram.
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MaxUj) = (1/2)[1 + 2 ln(qa / q 0 )3. (VIII-B.9)
In addition, from a comparison theorem ,212 it  can be shown 
tha t  if q g = 1 .0 , then there  can be no s tab i l i ty  when qa <2 .0 .
The most outstanding fea ture  of our &i-qa diagram is the 
re su l t  indicating tha t  the  r e s i s t iv e  modes introduce an upper 
s tab i l i ty  boundary on the  possible range of values, a resu l t  
which is in ag reem en t  w i th  th e  e x p e r im e n ts  and a lso  
co n f i rm s  the  previous c a lcu la t io n s  of Cheng, Furth, and 
Boozer213. It is worth noting, however, tha t  the  tw o  s e t s  of 
ca lcu la t ions ,  those  of Cheng, e t  al. and our own, have been 
performed in tw o  very d if fe ren t  ways. That is, Cheng, e t  al. 
developed a sem i-au tom at ic  method to  computer  search  the  
range of s tab le  cu rren t  profi les ,  numerically ad jus t ing  the  
cu r ren t  density j z (r) in a s y s tem a t ic  way to  e l im in a te  all 
unstable  modes. Our theore t ica l  model, on the  other  hand, is 
c lear ly  more physical,  s ince  i t  includes a def in i te  p ro f i le -  
shaping mechanism through the  cu r ren t  v iscosi ty  X of the
21 2 H. P. Furth , P. H. R utherford , and H. Se lberg , Phys. F luids 1 6 ,  1054 
(1973).
213C. Z. Cheng, H. P. Furth, and A. H. Boozer, P lasm a Phys. and Contr. Fusion 
2 9 ,  351 (1987).
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mean-field Ohm's law (V-B.16). However, an advantage of the 
computer search method, even though i t  is less  physical, is 
that  th is  method allows one to ca lculate  the  s tabil i ty  e f fec ts  
of ideal MHD current  modes in a fairly simple way. For th is  
reason, Cheng, e t  al . w ere  a lso  able  to  show th a t  the  
requirement of s tabi l ty  against  ideal MHD modes determines 
a jagged lower stab il ty  boundary on the  possible range of 4j 
values, something tha t  we have not a t tempted to  do.
In Table 1, we l i s t  the output parameters  from a typical 
inductively driven tokamak simulation. This s imulation was 
constructed  w ith  the re s is t iv i ty  shape parameter  o<=2.5 and 
the  s t e a d y - s t a t e  voltage V=2.5. The profiles of the s teady- 
s t a t e  poloidal magnetic field, rotational transform, toroidal 
curren t  density, and MHD activi ty  param eter  42 =X/ti  from 
th is  s imulat ion are  a lso  shown in Figs. 7-10.  The re la t ive  
scale  of the current density flattening is clearly reflected in 
the  plot of 42 , w ith  th e  s trong f la t ten ing  in the plasma 
cen te r  and edge regions due to  the e f f e c t s  of the m=l and 
m=2 modes, respectively.
The lowest  edge safe ty  fac tor  qa or  maximum toroidal 
cu r ren t  I th a t  we have been able to  obtain for a s ta b le  
current profile is qa ss2.6. Cheng, e t  al. reported finding very
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internal inductance,
= 1.368
edge safe ty  factor,
Qg — 3.073
energy content  in units of [(2TtRo*Tta2 )(a/Ro)2 (Bo2 /8TC)], 
W0 = 0.145
helicity content  in units of [(2Tta2 Bo)2],
K0 = 0.127
magnetic island widths wnm in units  of [a],
W112 = 0 .140 ^ 2,3  = 0 .085 ^ 3^4 = 0.042
W4 5  = 0.038 W5 tQ = 0.004
radial posit ion of q=1 sur face  in units  of [a], 
r ! ,1 = 0.23
delta primes A ’n,m 1 un its  of [ a - 1],
A '1,3 = -3.71 a *4,1 1 = - 21.8 A *3,8 = -14.8
a 2.5 = -9 .10 A '3.7 = -16 .5 A 4,9 = -21 .9
a 5,1 1 = -26 .9 A 1,2 = ■•■1.25x10*• 5  A'6 t1 l = -28 .9
A 5,9 = -23.4 a 4,7 = -17 .5 A 3,5 = -1 1.0
A 5,8 = -21.9 a 7,1 1 = -31 .8 a *2,3 = +1.42x10
A *7,l 0 = -29 .8 A 5,7 = -18 .4 a *8,11 = -3 3 .4
a 3,4 = +6-09x10-6 A *7,9 = -25 .0 A 4,5 = +1.80x10
A 9 ,1 1 = -32 .0 a 5,6 = H► 1.17x10* 5 A ’6i7 = - 1.12
A 7,8 = -16.5 a 8,9 = -23.8 A 9,10 = -29 .8
A ‘10,11 = -35.6
Table 1. Output param ete rs  from a typical inductively driven 
tokam ak s im u la t io n .  L is ted  a r e  th e  r e s u l t s  f rom the  
s im u la t io n  w i th  r e s i s t i v i t y  shape  p a r a m e te r  <*=2.5 and 
s t e a d y - s t a t e  loop voltage V=2.5.
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Figure 7. Poloidal magnetic field from a typical  inductively 
d r iven  tokamak s im ula t ion .  The function  p lo t t ed  is t h e  
s t e a d y - s t a t e  radia l  p ro f i le  of the  poloidal m agnet ic  f ie ld  
BQ(r)=6X /^ r  in units  of [(a/Ro)BoL
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Figure 8 . Rotational transform from a typical inductively 
dr iven tokamak sim ulat ion .  The function p lo t ted  is t h e  
s t e a d y - s t a t e  rad ia l  p rofi le  of th e  ro ta t iona l  t r a n s fo rm
v(r)=r_1 dX/dr .  The edge transform is i a=0.325.
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Figure 9. Toroidal curren t  density from a typical inductively 
d r iven  tokam ak s im ula t ion .  The function p lo t t e d  is  the
s t e a d y - s t a t e  radial profile  of the current density j z (r)=V2X
in units  of  [(a/Ro)(c/4Tt)(Bo/a)l.
0. .2 .4 .6 .8 1.0
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Figure 10. MHD activ i ty  param eter  from a typical inductively 
dr iven  tokamak s im ula t ion .  The funct ion  p lo t t e d  is  th e  
s t e a d y - s t a t e  radia l  p rofi le  of the  MHD ac t iv i ty  p a ra m e te r
l 2 (r)=X/Ti in units  of [a2].
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spec ia l ized  s ta b le  cu r ren t  p ro f i les  w i th  sa fe ty  fa c to rs  as 
low as qa =2.0, but an e a r l i e r  study by Glasser ,  Furth, and 
Rutherford214 found qa l im i ts  s im ila r  to  ours.  Physically, our 
qa limit is imposed by the action of the  m=2 , n=1 mode near 
the  plasma boundary. As the  edge safety fac to r  decreases  and 
th e  m =2 mode nears  the  plasma boundary, we have observed 
th a t  the X term a t tem p ts  to  push curren t  towards the  plasma 
edge, which in our model may be thought of as a l im i t e r .215 
The simulation responds to  th is  action by at tempting  to  hold- 
on to  i t s  current,  and a skin current  quickly develops near the 
plasma boundary. Shortly a f t e r  the  onset  of the skin current,  
many tear ing  modes are  excited, the  simulat ion  undergoes a 
d isruption ,  and a large f rac t ion  of the  cu r ren t  is  e jec ted  
from the  plasma. We purposely use th e  te rm  d is ruption  to  
d e s c r ib e  th i s  even t  because  of the  appa ren t  s im i la r i ty  
between  th i s  s im ulated  ca ta s t ro p h e  and actual d isruptions  
observed in tokamaks .216 As briefly  mentioned a t  the  end of 
sec t ion  I-C, disruptions a re  a very serious issue for tokamak 
operation, so th is  is a sub jec t  which might w arran t  fu r ther
214A. H. G losser, H. P. Furth, and P. H. R utherford , Phys. Rev. Lett. 3 8 ,  2 3 4  
(1977).
215J .  A. Wesson, T o k a m a k s ,  (Clarendon P re s s ,  Oxford, 1987), p. 210.
2 , 6 J .  A. Wesson, T o k a m a k s ,  (Clarendon P re s s ,  Oxford, 1987), p. 178.
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study with the mean-field theory.
Finally, le t  us remark th a t  if one examines  the  
experimental J^-qa data points from e i the r  the TFTR or JET 
tokamaks (see  Fig. 11), one is immediately struck by how 
well they f i t  inside the MHD stab le  region of the Hj-qa space. 
This phenomenon natura lly  leads one to  sp ecu la te  about 
whether  the re  is any special re lationship between the  MHD 
stab il i ty  of tokamaks and the  quantit ies  and qa . Actually, 
in addition to  the i i - q a diagram, there ex is ts  another type of 
plot known as the  Hugill d iagram217 which also seems to  
give a recognizable pa t te rn  to  the experimental re su l t s .  In 
the  Hugill diagram, the inverse edge safe ty  fac to r  qa” 1 is 
p lo t t ed  ag a in s t  th e  so - c a l le d  Murakami p a r a m e te r ,2 1 8 
( n e R o / B o ) .  The Hugill d iagram  is very u se fu l  in 
characterizing both low qa and high n^ tokamak disruptions.
Perhaps one way to understand the apparently simple 
re la t ionsh ip  between and qa is through the principle of 
"profile consistency."  That is, it  has been observed219,220 
tha t  ce r ta in  famil ies of e lec t ron  tem perature  profiles  Te (r)
217S. J .  Fielding, J .  Hugill, G. M. McCracken, J .  W. M. Paul, P. P ren tice ,  and P.
E. S co tt ,  Nuc. Fusion 17, 1382 (1977).
218M. Murakami, J .  D. Callen, and L. A. Berry, Nuc. Fusion 1 6 ,  347  (1976).
219W. M. Manhetmer and J . B. Boris, Comments PI. Phys. 3 ,  15 (1977).
220B. Coppl, Comments Pi. Phys. and Contr. Fusion 5 ,  261 (1980).
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Figure 11. Experimental &i-qa data points from th e  TFTR and
JET tokamaks.  (a) TFTR diagram from Cheng, e t  a l „  P lasm a 
Phys. and Contr. Fusion 29, 351 (1987). (b) JET diagram from 
Wesson, e t  al.. Nuc. Fusion 29, 641 (1989). The jagged lower 
s ta b i l i ty  boundary is due to  the e f fe c t s  of ideal kink modes.
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tend  to  m a in ta in  th em se lv es ,  r eg a rd le s s  of co n s id e rab le  
varia t ions in the  tokamak auxil iary-heating power deposit ion 
profile,  as long as a specif ic  value of the  edge safe ty  fac tor  
qa is p resc r ibed .  Because of the  c lo se  link be tw een  the  
cu rren t  and tem pera tu re  profiles  indicated by (VIII-A.7), it  
has been suggested221,222 tha t  the cons is ten t  maintenance of 
tokamak t e m p e ra tu re  p ro f i le s  is d i rec t ly  r e la te d  to  the  
requ irem ent  th a t  the  j z (r) p rofi les  be s tab le  aga ins t  both 
ideal and r e s is t iv e  kink ins tab i l i t ie s ,  tha t  is, against  tearing 
modes. Clearly, as we have seen in our s im ula t ions ,  th e  
tokamak does shape i t s  curren t  profile  to  maintain  s tab i l i ty  
against  the  very potent m=1 and m=2 modes. Even a f t e r  th is  
in i t ia l  shaping, however, w e  observe tha t  the  tokamak s t i l l  
has enough res i l ience  left  in i ts  current profile  to  dampen all 
higher order tearing modes, provided tha t  one does not in s is t  
on pushing the  device beyond some c r i t i c a l  qa o r  value of the  
to ta l  toroidal curren t  I. In th is  sense, we can think of the  
q u a n t i t i e s  qa and Hi as moments of some plasma cu rren t  
"dis tr ibution  function." Apparently, the  tokamak has enough
2 2 'H. P. Furth , P rince ton  P lasm a Physics  L abora tory  Report, PPPL -2263  
(1905).
2 2 2 N. Ohyabu, J .  K. Lee, and J . S. D egrassle , GA Tech. Report, GA-A17890 
(1985).
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freedom in i t s  current  d is t r ibut ion  function to  have a t  leas t  
tw o  independent moments.
Incidentally, one can show that high values of the  to ta l  
to ro id a l  c u r r e n t  I a r e  genera l ly  d e s i ra b le  for  tokamak 
operation, s ince pressure  mode s tabil i ty  considerations put a 
l im it  on the maximum value of the plasma beta ( l-B.5 ),223
0max ~ 9 (I/10aB0c), (VIII-B.10)
w here  the  so-ca l led  Troyon g fac tor  is  on the order  of ga:3. 
On th e  o ther  hand, a compila tion of experimenta l  data from 
various Ohmically heated tokamaks indicates th a t  the energy 
confinement t im e  sca les  roughly as224
* E s  1.0 x 10-21 a rq 2 qa 1 /2 ( (VIII-B.11)
c lea r ly  indicating tha t  the magnetic confinement is degraded 
w i th  the  increasing MHD ac t iv i ty  or decreasing edge sa f tey  
f a c to r  qa . In operating the tokamak, there fore ,  one t r i e s  to 
find a compromise  be tween  th e  opposing demands of the
223F. Troyon, R. Gruber, H. Sauremann, S. Sem enzato , and S. Succl, PI. Phys. 
and Contr. Fusion 2 6  (1 A), 2 09  (1984).
224R. J .  Goldston, Pi. Phys. and Contr. Fusion 2 6  (1 A), 87 (1984).
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re la t ionsh ips  (VIII-B.10) and (VIII-B.11). Usually, th i s  means 
taking an edge safe ty  factor  on the  order of qa«3.0.
Having observed th a t  the  tokamak o f ten  has  enough 
re s i l ien ce  to  successfu l ly  shape i t s  own curren t  profi le  by 
m eans of th e  c u r r e n t  v i s c o s i s ty  X, w e  now rec a l l  th e  
important  hel ici ty  conservation theorem of chap te r  V. That 
theorem s ta ted  tha t  if the  tokamak curren t  profile undergoes 
an a l te ra t io n  due to  the  curren t  v iscosi ty ,  then the  a l te ra t ion  
must lower the scaled magnetic energy
W0 = 2 J Q1 B0 2 r  dr, (VIII-B.10)
but must conserve the  scaled magnetic helicity
<0 = 2 J q 1 (Xb - X) r  dr. (VIII-B.1 1)
We the re fo re  ca lcula ted  the  s t e a d y - s t a t e  values of both Wq 
and Kq fo r  each  of our in d u c t iv e ly  dr iven  tokamak 
s im ula t ions  and made a Wq-Kq plot  of th e se  numbers. The 
hope was th a t  th is  plot would somehow shed some light on 
the nature  of the Hj-qa s tab i l i ty  boundary of Fig. 6 . However,
we did not ascer ta in  any discernable pa t te rn  to th is  plot.
CHAPTER IX. COMPLETELY BOOTSTRAPPED TOKAMAK
Sect ion  IX-A. Tokamak P re s su re  P ro f i le
This chapter  contains the  re su t t s  of our simulat ions of 
completely bootstrapped tokamaks.  That is, we now use the 
se t  of equations (VI-B.15) to  model tokamaks which maintain 
toroidal c u r ren ts  via the boo ts t rap  cu r ren t  am plif ica t ion  
scheme discussed in section VI-B. These simulat ions are  of 
g reat  in t e r e s t  because the  s t e a d y - s t a t e  operat ion  of the  
tokamak requ ires  an e f fec ien t ,  non-inductive  method to 
maintain the toroidal current.  In section IX-B, we discuss the 
s t e a d y - s ta te  resu l t s  of several bootstrap simulations.  Before 
presenting th ese  r e su l t s ,  however, we once again need to  
discuss a few preliminary details .
Let us begin our d iscuss ion  by scaling the  s e t  of 
boo ts t rap  model equations (VI-B.15). F irs t ,  we make the 
subst i tu t ions (VII-A.1 MV1I-A.6) and
p* = p/[(a/R0 )3 /2  (B02 /4Tt)] (IX-A.1)
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into equations (VI-B.15). Dropping the  primes from the  scaled 
q u an t i t ie s ,  th e  se t  of equa t ions  (VI-B.15) then  becomes 
Ohm’s law,
ex/et = n (v2x - it,) - v*[xv(v2x)L (ix-a.2)
with the  bootstrap curren t  density,
Jb = -  K 2r)1 /2 /Be ] e p /a r ,  (IX-A.3)
the  curren t  viscosity (VII-A.8 ),
M r . t )  = Z nmn ( r nm.t) wnm2 exp[-4(r-rnm)2 / w nm2 ], (JX-A.4) 
the island growth equation (VII-A.9),
dwnm/ d t  = 1.28 n frnm *^ A 'nm* (IX-A.5)
and the  s tab i l i ty  equation (VII-A.10),
v x 2 Xnm = K r ^ d j / d r M i - n / m ) ]  Xnm* ( IX -A .6)
2 3 9
The se t  of equations (IX-A.2)-(IX-A.6) forms our model for  
the  bootstrapped tokamak simulations.
Solutions t o  the boots trap  equations (IX-A.2)-(IX-A.6) 
a re  obtained by th e  numerical method outlined in chap te r  VII, 
w i th  a minor m od if ica t ion  due to  th e  add i t ion  of th e  
boo ts t rap  cu r ren t  te rm (IX-A.3). That is ,  s ince the  function 
jb  h as  the polo idal  m agne t ic  f ie ld  B0 = d X /d r  *n i t s  
denominator,  t h e  m ean-f ie ld  Ohm's law (IX-A.2) is  now 
m a n i fe s t ly  a non - l inea r  pa r t ia l  d i f fe ren t ia l  equation .  We 
so lve  th i s  non - l inea r  equation using a s im ple  p re d ic to r -  
c o r r e c to r  method225 for the bootstrap te rm .  That is, we take 
B0 (r,t+At)a:B0 ( r , t )  in (IX-A.3), where our t im e s tep  A t=10~5 
is  very small.
We now choose  the res is t iv i ty  and p ressure  functions for 
th e  boots t rapped  tokamak simulations.  F irs t ,  for the  scaled 
plasma r e s i s t iv i t y  profile  T\(r,t), we once again assum e the 
form (VIII-A.6 ),
n ( r )  = (1 -  I-2 )-*, (IX-A.7)
the  inverse  of a parabola to  some pos i t ive  power <x. In the
2 2 5 W. F. Ames, N u m e r i c a l  M e th o d s  f o r  P a r t i a l  D i f f e r e n t i a l  
E q u a t i o n s ,  (Barnes & Noble, New york, 1983), pp. 85 -8 8 .
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b o o ts t ra p  s im ula t ions ,  w e  have chosen  r e s i s t i v i t y  shape 
param ete rs  ot in the  range [3.0, 5.0].
For th e  scaled plasma pressure  profi le  p(r,t),  w e  assume 
the  simple parabolic form (VI-B.2),
p(r.t)  = p0 (t) (1 -  r2 )3-. (1X-A.8)
w ith  th e  p ressu re  profile shape param ete r  % some posi t ive
number. The parabolic form (IX-A.8 ) is chosen because i t  is a
s im ple  function which is c o n s is ten t  w ith  m easurem en ts  of
th e  tokamak p lasm a te m p e ra tu re  and d e n s i ty .226,227 The
value of the  pressure  profile shape param eter  2f is l imited by
the  following considerations.  First,  recall  from (II-C.16) tha t
the  plasma res is t iv i ty  riocTe ~3 / 2 . Since the  par t ia l  p ressure
pe =ne Te , if the  e lec t ron  density profi le  ne s:no(1 - r 2 )v , then
(IX-A.7) and (IX-A.8 ) toge the r  requ ire  th a t  2M2o</3)+v.
Further,  w e  impose the  condition th a t  the  product T^b in
Ohm's law (IX-A.2) must be f in i te  at  the plasma edge. This
condition is which is then equivalent to  v>(o</3)+1. In
the  boots trap simulations, we have the re fore  chosen p ressure
226F. C. Jahoda  and G. A. Sawyer in H. R. Grlem and R. H. Lovberg, M e th o d s  
o f  E x p e r im e n ta l  P h y s ic s ,  (Academic P re s s ,  New York, 1971), Ch. 11. 
227D. Vernon, Optics Communications 10, 95 (1974).
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shape p a ram e te rs  % in th e  range [5.0, 7.5]. The c e n t r a l  
pressure  pg(t) of (IX-A.8 ) is  taken as
P0 (t)  = TT0 [1 - exp(-IOt)]. (IX-A.9)
That is ,  we in i t i a t e  our s im ula t ions  w i th  the  b o o ts t rap  
c u r ren t  te rm  "turned off." Since the  typical  boo ts t rap  
s im ula t ion  run t im e  in sca led  t im e  un i ts  is  ATssl.0, the  
s t e a d y - s t a t e  value of th e  tokamak c e n t r a l  p re s su re  pq is 
given by th e  p ressu re  s t reng th  p a ram e te r  TTq. The in i t ia l  
c o n d i t io n  p o ( t= 0)=0  is  imposed purely  fo r  n u m er ic a l  
convenience. However, if one likes, one can imagine tha t  th e  
gradual inc rease  in the th e  cen tra l  p re ssu re  and boo ts t rap  
c u r r e n t  s im u la te s  the  e x te rn a l ly  con t ro l led  in je c t io n  of 
p a r t ic le s  and heat into the  plasma interior.  That is, the  t im e  
evolu tion  described by th e  p ressu re  function Po(t)  can be 
viewed as a crude representa ion  of the  process  of bringing 
th e  tokam ak  d ev ice  i n t o  th e  long m ean  f r e e  p a th ,  
thermonuclear plasma regime discussed in section VI-A.
Having chosen the r e s i s t iv i t y  p ro f i le  as (IX-A.7), we 
in i t ia l ize  the  bootstrap s im ula t ions  by assuming the  quas i­
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steady init ia l  s t a t e  (V1II-A.8),
j ( r , t=0 ) = VCt=0)/n = 2 ( 1 - r 2 )0*, (IX-A.10)
where the in i t ia l  loop voltage V(t=0)=2.0. For th e  edge loop 
voltage boundary condit ion,  we again choose the  function 
(VIII-A.10),
V(r=l, t)  = 2.0 + A V t l  - exp(-lOt)], (IX-A.11)
but now take the  o f f se t  voltage AV=-2.0. Then (IX-A.11) can 
be viewed as  representing the  gradual decay of the  inductive 
loop voltage. The choice AV=-2.0 means tha t  in the  s teady-  
s t a t e  th e r e  is  no loop vo l tage ,  V=0. That is ,  w e  a re  
considering th e  ca se  of a completely bootstrapped tokamak.
Finally, reca l l  from sec t ion  Vi-B tha t  th e  boo ts t rap  
e f fec t  leads to  the  formation of hollow (outwardly peaked) 
plasma cu rren t  profi les .  It is not d i f f icu l t  to  show tha t  a 
hollow p lasm a c u r re n t  p ro f i le  implies  th a t  th e  tokamak 
safe ty  f a c to r  q is  a non-monotonic function of the  minor 
radius r. That is, a hollow curren t  profi le  leads to  a safety 
fac tor  p ro f i le  q(r) which has a minimum d q / d r | rQ=0 a t  a
radial  pos i t ion  r=rg, where  the  posi t ion  rg *0 .  it  is w e l l -  
known228,229 tha t  th is  kind of non-monotonic q p ro f i le  leads 
to  strong "double* tear ing mode ac tiv i ty  for all poloidal mode 
numbers m w ith  ra t iona l  su r faces  w ith in  the  region r<rg .  
That is, the  hollow plasma cu r ren t  p ro f i le  caused  by the  
b o o ts t r a p  e f f e c t  has  th e  sam e n e g a t iv e  t e a r in g  mode 
s tab i l i ty  proper t ies  as those of the  skin cu rren t  d is t r ibu t ion  
b r ie f ly  d isc u sse d  in s e c t io n  VIII-A. In developing th e  
boo ts t rap  s im ula t ions ,  we th e re fo re  cons ide r  a model in 
which th e re  are  many sm a l l - sca le ,  localized tear ing  modes 
assoc ia ted  with  the  boots trap  curren t ,  and assum e tha t  the  
s tronges t  tear ing ac t iv i ty  occurs w ith in  th e  hollowed region 
dq/dr<0. We crudely approximate the t ime-averaged e f fec t  of 
th is  tear ing  region about the  magnetic  axis  by an e f fec t iv e  
magnetic  island, w i th  an is land h a l f -w id th  r s ( t) .  For the  
bootstrapped tokamak case ,  we take  r s as the  location rg of 
the minimum of the  safe ty  fac to r  profile.  We the re fo re  model 
the  tear ing  mode ac t iv i ty  in the cen te r  of the  bootstrapped 
tokamak by adding a te rm to  the  curren t  viscosity  (IX-A.4) of 
the same form as (VIII-A.11),
228S. V. Mlrnov and I. B. Semenov, Atomnaya Energfya 3 0 ,  20  (1971).
2 2 9 H. P. Furth , P. H. R u therfo rd , and H. Se lberg , Phys. F lu ids  1 6 ,  1054 
(1973).
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Xs(r,t)  = n(O.t)  (2 rs )2 exp (- r2 / r s2 ), (IX-A.12)
w h ere  th e  sca led  r e s i s t i v i t y  t iC 0 , t )=n(0)=1.0. To b e t t e r  
understand the  e f f e c t  of Xs in the boots trap simulations,  we 
s u b s t i tu t e  the expression (IX-A.12) into Ohm's law (IX-A.2 ). 
Recalling from sec t io n  VI-B the  im por tan t  f a c t  th a t  the  
b oo ts t rap  cu r ren t  density jb vanishes on axis,  the  s te ad y - 
s t a t e  tokamak current  density on axis is the re fo re  once again 
given by (VIII-A.12) with V=0 ,
At th is  point, however, i t  is very im portan t  to  note  th a t ,  
unlike inductively driven tokamaks, boo ts t rapped  tokamak 
cu r re n t  p ro f i les  have (d2 j / d r 2 )o>0. That is , th e  p lasma 
curren t  profi le  is now hollow. Then (IX-A.13) means tha t  the  
c e n t r a l  cu r ren t  densi ty  jo > 0 .  A c u r ren t  v iscos i ty  in the  
tokamak ce n te r  can the re fore  maintain a curren t  density jo  
on axis, an in t r in s ic  "seed" cu r ren t ,  which the  b oo ts t rap  
e f f e c t  can then amplify.
jo = 2 (2rs)2 (a2j/er2)0. (IX-A.13)
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Sec. IX-B. S e lf -m a in ten an c e  of th e  Tokamak C urren t
Recall t h a t  the fundamental Ohm's law (VI-B.13) for  the  
bootstrap e f f e c t  is
E-B = 7 l ( j - B  -  j bB) - V-[XV(j||/B)]. ( IX-B. 1)
From (IX-B. 1) and th e  def in i t ion  of the  e f f e c t iv e  p lasm a 
re s i s tan c e  Rq , we have
Rq  s  (JE-Bd3x) / I^  = [Jn(J*B-jbB)d3 x]/iyf. (1X-B.2)
w here  the X term vanishes by (V-B.17). Note from (IX-B.2) 
th a t  the e f fec t iv e  plasma res is tance  Rq  i t s e l f  can vanish for 
an appropriate  se t  of paral lel  and bootstrap cu rren t  profi les ,  
j || (r) and jb ( r ) .  As m entioned in th e  In troduct ion ,  t h e  
vanishing of Rq  would allow for a f in i te  tokamak toroidal 
cu r ren t  I, even if the loop voltage V=0. In th i s  section, w e  
show th a t  our  numerical  code can  ac tual ly  find s e t s  of 
p ro f i le s  j | , ( r )  and j b(r) which make Rq =0. That is, we now 
produce cu rren t  profiles which are  cons is ten t  w i th  the s e l f -
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maintenance of the  tokamak current.
We begin by defining a boots trap  s im ula t ion  from the  
re la t ions  (IX-A.7)-(IX-A.9). That is, we in i t i a te  a boots trap 
s imulat ion specifying the  res is t iv i ty  profi le  shape param eter  
o(, th e  p re ssu re  profi le  shape 2F, and the  p re s su re  s t reng th  
p a ram ete r  n g .  In order to  compare one bootstrap s imulat ion 
w ith  another, a f te r  specifying the  shape param ete rs  o< and Z, 
w e have varied the p ressu re  s t reng th  TTq until  the  s teady-  
s t a t e  cen tra l  safe ty  f ac to r  qo=1.0.  Actually, the  param ete r  
TTq can be chosen independently from ot and Z, so long as the 
plasma pressu re  in the  tokamak ce n te r  is suff ic ien t ly  large 
to  avoid the  m =2 te a r in g  mode from occurr ing near  the  
magnetic axis. That is, w e  observe from our simulat ions tha t  
t e a r i n g  mode s t a b i l i t y  c o n s i d e r a t i o n s  r e q u i r e  t h e  
maintenance of some minimum value of the  plasma p ressure  
in the  cen te r  of a completely bootstrapped tokamak.
The significance of the  boo ts t rap  pa ram ete rs  (ot.tf.TTo) 
can  be understood by ca lcu la t ing  the  mean poloidal beta  
(VIII-B.7). Choosing the scaling
<0e>' = <0e>/(Ro/ a ) 1 / 2 (IX-B.3)
247
and dropping primes, w e  find the s t e a d y - s ta te  value
<0e> = 2  [n0 /( ff*1)l qa2 . (IX-B.4)
w h ere  <Pe> Is now expressed  in units  of ( R o / a ) 1 / 2 . The 
input p a ra m e te r s  cx, Z, and ITo thus  def ine  a b o o ts t ra p  
s im ula t ion ,  and r e s u l t  in th e  ca lc u la t io n  of the  in te rna l  
in d u c tan ce  Hj, the  edge sa fe ty  f a c to r  qa , and th e  mean 
poloidal beta <0e>- That is, our s imulat ions give theore t ica l  
p red ic t ions  for the  th re e  physical quan t i t ie s  d iscussed  in 
sec t io n  VIII-B which a re  universa l ly  monitored by plasma 
physic is ts .
In Table 2, we give the  s t e a d y - s t a t e  r e su l t s  o f  several 
boo ts t rap  s im ula t ions .  For a fixed r e s i s t iv i t y  shape o(, w e 
see  th a t  th e  required p re ssu re  s t reng th  TTo dec rease s  w i th  
increasing p ressure  peakedness Z, as  expected from (IX-A.3). 
We note th a t  the values of <30 > remain re la t ive ly  cons tan t  
throughout our simulations,  <0e>»1.2, in units  of (R(j/a)1 / 2 . 
[Of course,  the value of th is  cons tan t  depends on th e  choice 
made for the  numerical  f ac to r  in the  ex p ress ion  for th e  
b o o ts t rap  cu r ren t  (VI-A.11), but th e  value is  c lea r ly  of 
0(1 ).230] Another parameter  given in Table II is the r a t io  Ib/ I
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of Z o -O Q) I b / I
3.0 5.0 0 .4310  2 .958 1.423 1.257 1.169
3 .0 5.5 0 .4030  3 .143 1.471 1.225 1.138
4.0 5,5 0 .4020  3.182 1.489 1.252 1.151
4 .0 6.0 0 .3780  3.377 1.538 1.232 1.128
4.0 6.5 0 .3575  3 .578 1.586 1.221 1.111
5.0 6.5 0 .3565  3 .615 1.599 1.243 1.122
5.0 7.0 0 .3385  3.819 1.647 1.235 1.108
5 .0 7.5 0 .3220  4 .036 1.695 1.234 1.099
T able  2. S t e a d y - s t a t e  r e s u l t s  of s e v e ra l  b o o t s t r a p  
simualtions.  The input parameters are  the res i t iv i ty  shape <*, 
t h e  p re s su re  shape 2f, and the  p r e s s u re  s t r e n g th  1Tq .
Calculated resu l t s  are the edge safety factor  qa , the  internal
inductance Aj, and the  mean poloidal beta <0 e > in units  of
[(R(j/a)1 / 2 ]. The ra t io  Ib/I of the to ta l  bootstrap current  to
th e  to ta l  plasma current  is also given. The cen tra l  sa fe ty  
fac to r  qo=1.0 .
2 4 9
of the to ta l  bootstrap current to  the to ta l  plasma current,
Ib/I = C/jbrclr ) / (  j H rdr). (IX-B.5)
For a fixed r e s i s t iv i ty  shape o(, we find th a t  the  r a t io  Ib/I 
a lso  decreases  as the  pressure  peakedness V increases.
In Table 3, we l i s t  the output param eters  from a typical 
b o o ts t ra p p ed  tokamak s im u la t io n .  This  s im u la t io n  w as  
cons truc ted  with  o<=3.0, 8=5.0, and TTo=0.43lO. The profiles  
of th e  s t e a d y - s t a t e  poloidal m agne t ic  f ie ld ,  r o ta t io n a l  
t ransfo rm ,  boots trap and para l le l  plasma cu r ren t  dens i t ie s ,  
and MHD activ i ty  param eter  H2 =X/i\  from th is  s imulat ion are 
a l so  show n in Figs.  1 2 -1 5 .  We se e  th a t  MHD a c t iv i ty ,  
r e p r e s e n te d  by th e  p ro f i l e  of £2 = X /t \ ,  has ta k en  the  
boo ts t rap  curren t  density profi le  jb(r) and shaped i t  into a 
para l le l  plasma cu rren t  density  p ro f i le  j nCr) which is MHD 
marginal ly  s ta b le  to  tea r ing  modes. The to t a l  b o o ts t rap  
curren t  of th is  simulation is about 1735 g rea te r  than the to ta l  
plasma current .
As in the  inductively driven tokamak s imulat ions,  if the 
MHD ac t iv i ty  of the  m=2, n=1 mode is  too g rea t  near the  
230B. B. Kadomtsev and V. D. Shafrenov, Nuc. Fusion Suppl., p. 209 (1972).
plasma edge, a s imulat ion disruption can occur, with  a large 
f r a c t io n  of th e  p lasm a c u r re n t  being e j e c t e d  from the  
p lasma. In the  b oo ts t rap  ca se ,  w e  even observe  th a t  the  
d irec t ion  of the toroidal curren t  can even be a l te red  during a 
d isruption.  This is a d i rec t  consequence of the  non-l inear  
nature  of the boots trap current term (IX-A.3).
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in ternal inductance, edge safe ty  factor,  current  ratio,  
Hi = 1.423 qa = 2.958 Ib/ I  = 1.169
mean poloidal beta in units  of t(Ro/a)^/ 2 ],
<0e> = 1.257
energy con ten t in u n its o f [(2TtRo*Tta2 )(a /R o )2 (Bo2 /8Tt)],
W0 = 0.163
helici ty content in units  of [(2ira2 Bo)2 ].
K0 = 0.135
magnetic island widths w nm in units of [a],
W i 2 = 0.1 52 ^ 2,3 = 0.111 W3 4 = 0.021
W4 fs  = 0.043 W5 fe = 0.008 Wgi7 = 0.021
radial posit ion of the  q profile minimum in units of [a], 
r 0 = 0.25
delta  primes A 'n m in units of [a- 1 ],
A '4 f l l  = - 2 2 I0 A *3i8 = - 1 5 .5  A 2,5  = “9-16
A '3,7 = - 1 5 .8  A ’4(g = - 21.0  A '5,1 1 = “25.9
A'-| 2 = -5 .46x10-6  A*6 1 1 = -28 .1  A '5i9 = - 2 3 .0
A 4,7 = - 1 7 .6  A*3,5 = -1 1 -6  A '5|8  = - 2 1 .3
A ' y j  1 = -30 .5  A '2 i3 = +2.93x10 "^ A ‘7 t l0  = -28.6
A *5t7 = - 1 8 .0  A 8,1 -j = -32.1 A '3(4 = -2 .27x10 - 4
A 7 g = -23 .9  A 4t5 = +1.48x10"5 A 'g t11 = -29 .5  
A '5i6 = -2 .54x10 "4 A '6 7 = -3 .43x10"4  A '7>8 = - 0 .9 6 9  
A 8,9 = "4 *49 A 9,10 = - 12-2 A '10,11 = “2 0 *1
Table 3. Output p a ram e te rs  from a typ ica l  boo ts t rapped  
tokam ak s im u la t io n .  L is ted  a re  th e  r e s u l t s  f rom the  
s imulat ion w ith  re s i s t iv i ty  shape param eter  c*=3.0, p ressure  
shape parameter  3=5.0, and p ressure  s trength  TTq=0.4310.
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F ig u re  12.  Po lo ida l  m a g n e t ic  f ie ld  from- a t y p ic a l  
boots trapped tokamak simulation. The function plotted is  the 
■ s t e a d y - s t a t e  radial profile" of. the  poloidal magnetic  field
Bg(r)=6X/^r in units °f Ka/Ro)Bo3.
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Figure 13. Rotations! transform from a typical bootstrapped 
tokamak simulation. The function plo t ted  is  the s t e a d y - s t a t e
radia l  p rofi le  of the  rotational t ransform i(r)=r- 1dX/dr .  Note 
th e  hollow charac te r  of the profile.
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Radial  Dl s fance
Figure  14. Current den s i t ie s  from a typical boo ts t rapped  
tokamak simulat ion.  The functions p lo t ted  are th e  s te ad y -  
s t a t e  radial  profiles of the curren t  density functions in units  
of [(a/Ro)(c/4TC)(Bo/a)L The dashed curve is t h e  boo ts t rap
cu r ren t  density function jb(r)= -[(2r)1/ 2 /B 0] 8p / 6 r. The solid 
c u rv e  is  th e  p a ra l le l  p lasm a c u r r e n t  dens i ty  func t ion  
j|,(r)=v2jC.
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F igu re  15. MHD a c t iv i ty  p a r a m e te r  from a ty p ic a l  
bootstrapped tokamak simulation. The function plotted is  the 
s t e a d y - s t a t e  rad ia l  profi le  of the MHD ac tiv i ty  pa ram ete r
22(r)sX/Ti in units  of [a2].
CHAPTER X. CONCLUSION
S ec t ion  X-A. P lasm a Theory and Experiment
The r e su l t s  of our mean-field simulat ions indicate tha t  a 
completely bootstrapped tokamak is possible.  That is, using 
the  mean-fie ld  Ohm's law (i-D.3), we have been able to  find 
s e v e r a l  s t e a d y - s t a t e  c u r r e n t  p r o f i l e s  for  c o m p le te ly  
bootstrapped tokamaks which are  marginally s tab le  to  tearing 
modes. An important point to mention, however, is th a t  our 
boo ts t rap  s im ulat ions  assume the  forms for the  r e s i s t iv i ty  
and p ressu re  profi les ,  and thus we have not a t ta ined  truly 
s e l f - c o n s is te n t  solutions.  This is an important point because 
a very c r i t i c a l  issue which we have not been able to  resolve 
is  w hether  a completely bootstrapped tokamak can maintain 
i t s  p re ssu re  gradient d p /d r .  In fac t ,  the  s trong d es i re  to  
reso lve  th is  issue w as  one of the  main reasons we spent so 
much t ime and e f fo r t  trying to  find a way to  include the  heat 
equa t ion  (VIII-A.2) in our m ean - f ie ld  model. Of course ,  
co n s id e r in g  th e  la rg e  flux of energy produced by the  
th e rm o n u c le a r  r e a c t io n s  ( I-A .2)  and t h e  e x i s t e n c e  of
256
257
refuell ing mechanisms such as pe l le t  in jec t ion231 which can 
deposit  large amounts of plasma pa r t ic le s  in to  the tokamak 
c o re ,  i t  is  c e r t a i n l y  c o n c e iv a b le  t h a t  a co m p le te ly  
bootstrapped tokamak can maintain i t s  p ressu re  gradient.  On 
th e  o th e r  hand, if th e  MHD a c t iv i ty  in t h e  c e n t e r  of a 
bootstrapped tokamak plasma is so strong th a t  we lo se  the 
p r e s s u r e  g rad ien t ,  then  c lea r ly  w e  w il l  a l so  lo s e  the  
bootstrap curren t  (VI-A.11).
Actually,  what is  required to  m a in ta in  the p re s su re  
gradient in a bootstrapped tokamak is th a t  th e  t im e -sc a le s  
for th e  f lat tening of the  plasma curren t  and the  f la t tening of 
th e  p lasma p r e s s u re  in the  c e n t e r  of t h e  tokamak be 
d ispa ra te  enough so tha t  the p ressu re  gradient can build-up, 
w h i le  the  c u r r e n t  rem a ins  r e la t iv e ly  f l a t .  For typ ica l  
thermonuclear  param eters ,  the r a t io  of the  skin t im e z-^ to  
the global energy confinement t im e  z% is
z ^ / z E ^ }  O3 . (X-A.1)
23 ' m. G reenwald, D. Gwlnn, S. Mllora, J .  P arker ,  R. P a rk e r ,  S. W olfe, M. 
Besen, F. Camacho, S. Fairfax , C. Flore, M. Foord, R. Gandy, C. Gomez, R. 
G ranetz ,  B. LaBombard, B. L lpshu ltz ,  B. Lloyd, E. M armar, S. HcCool, D. 
P appas ,  R. P e t r a s s o ,  P. P ribyl, J .  Rice, D. Schuresko, Y. T akese , J .  T erry , 
and R. W atterson , Phys. Rev. Lett. 5 3 ,  352  (1984).
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The largeness  of the ra t io  (X-A.1) leads one to  be op t im is t ic  
tha t  t h e  p ressu re  gradient can in fac t  build up on a t im e-  
scale which i s  much fa s te r  than tha t  of the  current.
Another way of viewing th is  very c r i t ica l  i ssue  is to  ask 
w h e th e r  the  MHD ac t iv i ty  in the  c e n te r  of a com plete ly  
bootstrapped tokamak will be any more d isas t rous  than that  
due to  m=1 saw too th  osc i l la t ions .  While the  model we have 
adopted for t h e  MHD ac t iv i ty  in th e  plasma c e n te r  is very 
crude, the s im u la r i t i e s  be tw een  th e  p ro f i les  of the  MHD 
param eter  12 sX / t \B 2 for the inductively driven s imulat ion of 
Fig. 10 and boots t rap  simulation of Fig. 15 again lead one to 
be o p t im is t i c  that  th e  tokamak is suff ic ien t ly  r e s i l i e n t  to 
tear ing modes that i t  can mainta in  i t s  own cu rren t  via the 
bootstrap e f fec t .
Incidentally, we note th a t  the MHD activity in the  plasma 
cen ter  may actually be helpful in removing the  helium ash of 
the fusion reac t ions  (I-A.2 ) from th e  tokamak core.  That is, 
reca l l ing  th e  barbecue analogy to  fusion p resen ted  in the 
Introduction, some mechanism m us t  e x i s t  to  remove the  
spent fuel from the tokamak plasma interior  or th e  tokamak 
plasma will begin to  choke on i t s e l f .  On the  o ther  hand, one 
s t i l l  w an ts  t o  magnetically confine the helium <*-particles
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long enough so th a t  they are  able to  t r a n s fe r  th e i r  therm al 
energy to  the  plasma bulk.232
In any case,  we now bring th is  work to a c lose  by making 
a genera l  o b se rv a t io n  about th e  n a tu re  of theory  and 
experiment in plasma physics.  That is, one m ajo r  thing we 
have learned while  working on th is  problem is  th a t  a large 
f rac t ion  of what is understood about the physical behavior of 
the  plasma s t a t e  is a d irect consequence of carefully  refining 
and innovating the  experim enta l  technique. In many ways, 
p lasm a theory is  s t i l l  in i t s  infancy and the  th e o re t ic a l  
predictions of plasma behavior are  often  of a very crude sor t .  
The crude nature  of plasma theory is w e l l - i l lu s t r a ted  by the 
fac t  th a t  the  bes t  p red ic to rs  for bas ic  plasma qu an t i t ie s  
such as the  energy confinement t im e are empirical scaling 
law s such as th e  Goldston formula (V II I -B . l l ) .  S ince the  
scaling laws are  developed from large s e t s  of experimenta l  
da ta ,  t h e s e  form ulae  a re  ac tua l ly  of a purely inductive  
nature.  The plasma scaling laws them selves  are  perhaps not 
even th a t  t r u s tw o r th y .  This is because  th e re  a re  many 
poss ib le  d im ension less  scaling p a ra m e te rs  to  co n s id e r  in 
p lasma physics.  While theory233 can cons tra in  the  possible
232J .  A. W esson, T o k a m a k s ,  (Clarendon P re s s ,  Oxford, 1987), pp. 10-11.
260
types of param ete r  combinations and experiment can give 
hints  as to  which dimensionless param ete rs  a re  the  most 
important ones to  use, there simply is no hard guarentee that  
when one builds a new tokamak tha t  it  will  sca le  according 
to the  experience gained from different sized devices.
Nevertheless, having remarked on the somewhat immature 
nature of plasma theory, let us end our discussion by pointing 
out that ,  ironically, th is  imperfection means tha t  even ra ther  
modest theore t ica l  predictions of plasma behavior can be of 
great value. That is, when one is truly lost ,  even a small se t  
of d irections can make a big difference. It is in th is  sp ir i t  
th a t  w e  sugges t  th a t  p lasma p h y s ic i s t s  co n s id e r  our 
simulat ion r e s u l t s ,234 re turn to  the ir  machines, and search 
for the  completely bootstrapped tokamak.
233J. W. Connor and J .  B. Taylor, Nuc. Fusion 17, 1047 (1977).
234R. H. Weening and A. H. Boozer, Phys. Fluids B 4 ,  Vol. 1 (1992).
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